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Strahler’s Hypsometric Function
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Abstract : The relationship between a area and its altitude in a drainage basin is
generally showed Area-Altitude curve.

In 1952, Strahler showed that this curve was expressed by following hypsometric model
function, and erosional topography was able to classify into several groups by its specific.
integral value of the function.

in which
x=relative area in a basin, and
y=relative altitude.
In this paper, we expressed two methods to determinate above constants r, z in the
function and the results in which r, z values by graphycal method is about 15% smialer
than by neumerical method.

Introduction

Area-Altitude curve was proposed by Imamura® in 1937, and then Strahler?’ showed model
function in regard to the curve in 1952. This function is modified the distribution equation
(1) of washload by Rose®’ in 1937.
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Fig. 1 Density distribution of washload.
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in which

@ =Karmains constant,
usx =friction velocity,
d =water depth,
Xo =distance from bed,
C =density of washload at x, and
C, =density of washload at x =a,
Hence, d—a> 0, r=a/d, z= 0 and let exchange variables as follows
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Fig. 2 Illustration of percentage hypsometric curve

C e Hmaz_H Xo—a A
Ca == Hmam_HO ’ and d—a =x= Ao :

in which

Hpez=maximum altitude,

Hy; =minimum altitude,

H  =altitude,

A =drainage basin upon H, and
Ay, =drainage basin upon H,.

We get equation (2) well known as Strahler’s percentage hypsometric function.
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Then, eq. (2) is able to exchange as follows

(o 1=x Y o
atwasan - 9

The inflection point of this function is shown»cqordinate_s (X¢, ye) that is expressed in eq.
{4) or eq. (5). '
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And the gradient at the inflection point y.’ is

e N2 r .-l—z]‘z_ e _z
e 4 r’l—z’[l—r 1+z 1—%; 14z (©)

Where we define the gradient coefficient of inflection point
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Then, the exponent z and constant r, can be determined by eq. (8) and eq. (9) when the

inflection point (x;, y.) and the gradient at this point have been measured.
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Neumerical method
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The percentage hypsometric function (3) is able to tend Taylor’'s serieas around r=r,,

z=12, excepting not less second order term.

y=fo+fldr+fgdz
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The observation equation is follows on x4, y¢ (i=1, 2, o

qur +f1(AZ_ (Yt—fot) =&

(o

1

, n). Where ¢ is residual
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We can obtain 4r, 4z by adapting the least square method., Next, using the value of

Adr+ry or dz+z, instead of the value of ry or z,, repeating the same method still the condition

|dr/ry| <8, and |4z/zy| =6 are held when & is allowable error. After several repeating

calculation, we get r, z as the most provable value of ry or z,. Let consider the initial value

of ry, zo. We are taking the foflowing method .

as:
X1
Tl=x" Ty
Eq. (3) change to eq. (4
—r
S
vVeE=—_ -~ =14+ —u
1—x r

u=r (v‘:‘—l)

Now, let derivative of u with respect to v,

When the variable transformation is done
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du=rv_:__1 . i

dv z

and take logarithms of both terms,

1n(%‘:—)=1n(—;—)+(—zl—+ 1 )1n(v) | o )

Exchanging the eq. @0 into difference equation with variable transformation as follows,

a=ln(%)y ﬂ=(%+ 1)
Y= in( G )= (322 =i [ 20 ey ) t
X, =-—;—ln (Ve * Vi) = —--—;—ln(h * Yis1)
Then, we obtain the linear equation,
Yi=a+ BX; =

Using the least square method, we determine the initial value of r, z after simple calcula-
tions, as follows,

fo

Graphycal method

It is necessary to use a computor to determinate r, z by neumerical method. Otherwise
after freehand drawing the percentage hypsometric curve based on observation points and

looking for the inflection point (x¢;, y.) on the curve and tangential line which gradient

r=1.0
1.0 \\\t'\.\ I 1.0 ; \J _'_1‘ ]
NN e
\\\\\ \\\0 ‘\/ \ \ &'%/ yd ////
AN NN NAAIAN R s 47
5
~0.5 \ \\‘ \Q}F \ \ \ ~ 0.5 /)\/&Sb( 3?///
B EANNANAW P
AR AP ESIN
.0\ \\\}&< \ ; 0:L Q\\\
VAR %L 99,52 SN\
\ \H\ ey EESSN
% 05 10 % 0.5 1.0
Yi/ Y Xt
Fig. 3 Relation between r, z and y1/y, Fig. 4 Relation Between z and x, by

by eq. (24). eq. (25).
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v/ at the point with the intercept y, and y, on
constants as follows

Yo' =Y¥1—Yo
y1=ye+ye (1—xXe)

7= Ye— Y1 _ 1=yv/Ye
Yetya 1+y1/¥e

r= Ve —Y1*Yo -1 _ L.(y1/ve)
vy -y’ 1~ (y1/ye)?

But error of r from eq.
y, as shown Fig. 3.
Then, from eq. (8) and (9), we obtain Fig. 4.
A—x2l,
2= —xI,
And from eq. (5) and eq.

z= =1-2(1—1) ({—x¢)

(7), we obtain Fig. 5.
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x=() or x=1.0 axis, we can obtain two

QD
)

Q3

Q4

(24) become great. according to be small the defference y, and

(25)

(26)

If |y,/|<1l, we propose to use Fig. 5 because of smaller error.to read y, than x;.
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Fig. 5 Relation between y, and z
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Table— | The values of r and = by
Yoshino river basin ‘ Monobe river
River |Neumerical| Graphycal | River [Neumerical | Graphycal | River [Neumerical | Graphycal
basin method method basin method method basin method method
No. I'n zZn | T, z, No. I'n Zn r, zZ, No. I, z, r, o
1 0.10 1 0.3410.17 ] 0.34 86 | 0.06]0.38]0.05}0.36 1 0.0110.300.06|0.54
2 0.4010.39]0.17]0.19 88 | 0.1110.40]0.18 0,41 2 0.01]0.250.01]0.24
4 0.54]0.53|0.52]0.50 90 |0.05/0.31]0.101]0.31 3 0.040.30(0.02]0.24
6 0.43 ) 0.46 | 0.39 ] 0.29 91 |0.25(0.6110.30]0.63 4 0.0810.32(0.17 | 0.44
8 0.62]0.51|0.30]0.28 93 [0.10]0.410.20/0.46 5 0.12 | 0.57 } 0.03 } 0.17
9 0.63}0.4710.54]0.35 95 10.1710.60(0.180.61 6 0.04]0.3410.0470.31
11 0.1410.39]0.12]0.30 99 10.3110.68(0.220.63 7 0.090.39(0.120.33
14 0.05]0.30{0.090.31{ 100 |0.09([0.441}0.1210.43 8 0.13]0.35(0.13]0.35
16 0.36 | 0.550.47 {0.48] 102 [0.14|0.35]0.27 {0.45 9 0.19]0.36|0.20 0.26
18 0.84 | 0.67 104 §0.1610.45{0.20 [ 0.48 10 0.070.35]|0.14]0.27
20 0.1370.41(0.28]0.40| 105 |0.13(0.32]0.07]0.24 11 0.220.36|0.18]0.31
22 0.11 ] 0.47 106 §0.090.280.08(0.25 12 0.1310.3310.16 | 0.27
24 0.13]0.34|0.07(0.23| 109 |[0.10]0.28|0.08 | 0.24 13 0.2410.37]0.340.31
26 0.37(0.5710.1910.35} 113 10.27]0.55}0.190.50 14 0.29 ] 0.410.23]0.27
28 0.36]0.5110.20(0.20| 116 |0.09|0.39[0.08]0.43 15 0.3010.45]0.2510.39
29 0.07 10331017 )0.41| 117 |0.24|0.44]0.24}0.29 16 0.7210.70 | 0.54 { 0. 44
3t 0.0710,3410.080.31] 120 [0.08]0.39]0.10}0.42 17 0.57 { 0.64 | 0.57 | 0.64
33 0.40 1 0.46 1 0.19 ) 0.26 | 121 }0.04{0.31}0.07}0.32 18 0.56 1 0.64 | 0.56 | 0.66
35 0.2210.41]0.28 | 0.41| 123 | 0.21 | 0.41]0.30}0.60 19 0.71 1 0.85
37 0.19 1 0.45 127 [0.13]0.32]012]025] 20 0.20]0.53]0.15]0.48
44 0.1310.37]0.10|0.31| 131 |0.06]0.29]0.15]0. 3 21 0.37]0.47 [ 0.28]0.38
46 0.0810.35]0.13{032] 132 {0.71|0.641}0,45 0.37 22 0.2710.39(0.17]0.25
48 0.2110.3710.08]0.25} 136 [0.21|0.4310.10]0.35 23 0.090.31{0.14[0.26
50 0.1410.3710.11{0.25]| 138 |0.24{0.450.18}0.32 24 0.1210.30 [ 0.04]0.16
51 0.05(0.320.13]0.34] 140 ]0.16]0.407}0.15 0. 42 25 0.54 1 0.46 | 0.53 | 0.45
53 0.07 ;0,36 {0.16|0.41| 142 |0.23]0.50}0.34]0.49 26 0.16 | 0.42 | 0.16 | 0.30
54 0.15]0.64]0.09| 0.6t 144 | 0.13]0.45 ] 0.15 0.45 27 0.27)0.4210.47 | 0.33
55 0.12 1 0.67|0.05|0.56] 145 |0.08}0.34|0.110.28 28 0.61)0.57{0.500.35
57 0.41 1 0.71 [ 0.22}0.54| 146 |0.1210.37)0.16 ] 0.27 29 0.13}0.34]0.15] 0.26
59 0.02 0,31 |0.06|0.48] 148 |0.78[0.70(0.10}0.14| 30 0.380.60]0.34|0.58
60 0.08]0.50]0.12]0.41 | 150 |0.57{0.62|0.60!0. 49 31 0.25]0.4310.63 0,47
61 0.200.540.28|0.60 152 |0.32]0.50]0.43]0.49 32 0.16 | 0.3910.26 | 0.30
65 0.7410.8210.78[0.88| 154 {1.34]0.7310.05}0.10 33 0.02,0.25}0.06|0.17
67 0.080.38|0.08)0.36| 156 {0.50|0.400.23]0.26| -34 0.17]0.39]0.18 | 0.40
69 0.1010.290.15]0.28| 158 |0.69{0.47}0.22]0.19 35 0.15(0.3710.13 | 0.25
71 0.22 1 0.44]0.23]0.44 36. 10.2610.460.29 | 0.34
73 0.210.39(0.180.38 37 0.29{0.4210.20§ 0.2t
75 0.1410.3410.20 | 0,26 38 0.19 1 0.46 1 0.40 | 0.41
76 0.50 { 0.5510.38|0.38 39 0.1010.410.2010.62
78 0.15]0.44 | 0.12 | 0.34 40 ©10.0910.320.08]0.27
79 0.18 | 0.42 | 0.32 | 0. 45 41 0.06 | 0.26 | 0.18 1 0.3!
81 0.27 1 0.55(0.3710.55 42 0.0410.28{0.0810.33
83 0.12 ] 0.39{0.18 | 0. 40 43 1.66 | 1.10
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basin Watsuka river basin Muroto peninsula
River |Neumerical| Graphycal | River |Neumerical| Graphycal | River Neumerical| Graphycal
basin method method dasin method method basin method method
No. Iy Z, r, | z, No. I, Z, r, z, NO. I Z,, T, z,
44 0.63]0.61]0.66|0.59 ‘ 1 0.10 ] 0.26 { 0.03 { 0.19 1 0.21 1 0.5710.26 | 0.51
45 0.20 { 0.35{0.18 | 0.26 2 0.040.19]0.01}0.09 2 0.040.41
46 0.36 10.37 10,16 | 0.26 3 0.17]0.40 | 0.17 | 0.38 3 0.08 | 0.41]0.07{0.34
47 0.32 ] 0.41]0.24}0.32 4 0.2410.46 | 0.23 | 0.36 4 0.12 }0.46 | 0.22 | 0.58
48 0.39 | 0.50 | 0.36 | 0.48 5 1.00 ] 0.74 ) 5 0.1310.48 | 0.040.34"°
49 0.15]0.38 | 0.24 | 0.29 6 0.28 1 0.5810.12]0.43 6 0.69 1 0.46 | 0.23 | 0.18
50 0.35]0.43 | 0.37 ] 0.34 7 0.03]0.29]0.03]0.21 7 0.27 | 0.36 | 0.23 | 0.30
51 0.23]0.42 |0.21]0.43 8 0.04]0.22|0.0¢}0.09 8 0.15]0.2910.140.21
52 0.22]0.367|0.18 | 0.20 9 0.3410.39(0.190.22 9 0.12§0.32|0.13 | 0.26
53 0.40 | 0.46 | 0.23 | 0.38 10 0.29(0.41{0.04]0.19 10 0.06 {0.36 | 0.030.27
54 0.63]0.43 | 0.63 | 0.44 11 0.02{0.25|0.0L]0.16 11 0.03]0.42]0.12|0.57
55 0.49 | 0.48 12 0.0410.360.03]0.30 12 0.08 | 0.35]0.10}0.27
56 0.27 | 0.37 | 0.25| 0.31 13 0.18]0.360.09]0.23 13 0.12 1 0.50 | 0.2L | 0.63
- 57 0.14 1 0.48 | 0.09 |0.34 14 0.10 | 0.3510.12 |0.37 14 0.06|0.3410.12]0.30
58 0.2710.43]0.16 | 0.27 15 0.5370.67]0.23]0.50 15 0.19 [ 0.47]0.29 | 0. 46
59 0.2310.42)0.11}0.21 16 0.10[0.33]0.09]0.24 16 0.23]10.39)0.17(0.37
60 0.27 1 0.5410.28 | 0.60 17 0.84 | 0.69 | 0.60 | 0.44 17 0.27 | 0.4210.09{0.27
61 0.08 | 0.39 | 0.08 | 0.37 18 0.5910.78 18 0.47 ] 0.59
62 0.19]0.47 ] 0.20 | 0.47 19 0.09|0.5110.0410.39 19 0.06 10.32{0.17]0.28
63 0.10 | 0.38 | 0.07 | 0.25 20 1.07 ] 0.98 20 0.01]0.23]0.16 | 0.37
64 0.44 1 0.59 | 0.20 | 0. 46 21 0.27 |1 0.48 | 0.42 | 0.50 21 0.4910.3510.42 | 0.31
65 0.19 ] 0.47 | 0.19 | 0. 47 22 0.22(0.58(0.23|0.52 22 0.53 ] 0.47 | 0.31}0.34
66 0.11]0.42{0.18 | 0.45 23 0.3510.44 | 0.150.18 23 0.1310.30 (0.1 |0.23
67 0.16 | 0.36 | 0.19 ] 0.37 24 0.1210.43]0.32]0.55 24 0.2210.36§0.17 { 0.34
68 0.16 |1 0.3510.16 | 0.35 25 1,55 1.43 25 0.20 | 0.32 | 0.29 | 0.34
69 0.11]0.29|0.16 { 0.22 26 0.08 | 0.44 26 0.24{0.3810.18 | 0.31
70 0.08 | 0.33|0.080.33 27 0.32 1.35 27 0.1310.38 | 0.14{0.28
71 0.30 | 0.44 {0.22)0.34 28 1.17 1 0.65 28 0.27]0.37]0.52|0.38
72 0.35]0.48 1 0.29 | 0.48 29 0.19 1 0.81 | 0.11 | 0.61 29 0.3710.35]0.1710.21
73 0.89 | 0.72{0.69 | 0.49 30 0.41 | 0.84 30 0.57 | 0.51]0.57 | 0. 39
74 0.7110.57 1 0.71 | 0.57 31 0.03|0.34{0.060.39
75 0.52]0.50|0.52]0.51 32 0.04|0.50 | 0.01]0.26
76 0.5510.51]0.5570.55 33 0.09 | 0.44 {-0.01 | 0.26
71 0.23{0.47|0.23 | 0.47 34 0.37 [ 0.611]0.2810.69
78 0.22]0.55]0.30|0.72 35 0.25]0.6010.040.41
79 0.21]0.5910.0610.45 36 0.1110.4010.07 | 0.39
80 0.2710.62]0.18 { 0.61 37 0.0410.3970.11(0.5¢
81 0.39 ] 0.50 | 0.32 | 0.33 38 0.30 1 0.62]0.29{0.70
82 0.24 | 0.47 ] 0.3510.41 39 0.39{0.85]0.13}0.56
83 0.11]0.36|0.25;0.31 40 0.1210.5010.12{0.51
84 0.6410.74)0.60(0.80 41 0.08 | 0.38 | 0.07 | 0.42
85 0.15]0.44 | 0.23 | 0.38 42 0.26]0.49 | 0.23]0.27
43 0.3710.39]0.22]0.25
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Values of constants on several example

~We obtained the constants r and z of several 'chosen basin Yoshino’ (Kochi),A Monobe
(Kochi), Watsuka (Kyoto) river basin and Muroto peninsula (Kochi) in which exisited
2~5 ordér branch stream Basins, There were é36 basins totally, but we could not deter-
mine the inflection point in 16 basins. :

Locations of basin and r,, z, or r,, z, of each basins, where, sufix g or n means to be
obtained by graphycal method or meunerical method are shown in Fig. 6 (a)~(d) and table
i.

On the computation by neumerical method, we used FACOM 270-20/30 belong Kochi
University., Two examples of small and large defference by both method are shown in Fig.

7 (a)~(c).

1.0 1.0 - 1.0
\\ g %
47%0 % \0:\‘\ % *o&
~ S .
G’l/ N ~Jos '5,0
© N N 2 2
y R4 y 17, \@ N \ y ?, Gl
> O,] ~ h Y %, 7
O, 04 N % &
//70 /1, © 4{7 \\ '9/1/
% : %
o —— Neumerical 4
0 0 =—=Graphycal 0
0 X 1.0 0 X 1.0 0 X 1.0

(a) (b) (c)

Fig. 7 Some example of percentage hypsometric curve by neumerical and
graphycal method.
(a) Nearly equal zn and z,, r» and r,.
(b) Large difference between.neumerical and graphycal method.
(¢) No inflection point in 0<x<1.0.

Consideration and results

Relation between r,, z, and r,, z, and expressed the proportional constants A or B as
follows,

rg=A-r,, z,=B-z,

A or B was obtained by least square method through the original point (0, 0) of r and z
axis in Fig. § (a)~(d). ' A

As a result of total basins, we obtained A=(.84, B=0.86 as atemparary standerd. We
may conclude at this point that the values of constants obtained by graphycal method are
about 85% of that obtaind by neumerical method.



Vol. 30. Agr. Sci.

1.0

10 Res. Rep. Kochi Univ.,
1.0 1.0
| Yoshino | Monobe
Symbl Constant ¢ " Symbol | Constant o
td
- o r ° // | —— {o r
| | === | z e | | ===~ |o| z b
4 B
o e ooto o ° ° .
- [ ] ’e o ® [ ] 7’
N 5 N .5_ 4
;08 *o o'ﬁ" 0 o0 Y,
- Q *g s o o ° P |
R °
o P, - e, Crd
° .
o ¢ w, © = o
® X) oo ° o o8
ik e o
7, [7,
$8%0 . Qe o ° °
s 8 o E o ° oO
0 1 1 1 1 1 1 1L 1 1 0 le. I L ] 1
0 0.5 1.0 0 0.5 1.0
Ta, Za ) Tn, Zn
(a) (b)
1.0 1.0
| Wetsuka | Muroto
Symbol constant Symbol. | constant ,,‘
r L1 - o r
- z ’z’, | | === z
[ 4 e
L ’l’ 0o o ° . b o ',’
® 4 4
¥ 0.5} e & % ¥ 0.5 ° . gy
o ° o, Y o .
i $ ./6’. i (] ° / [
. ° o
o . B o
’ol’$ [ ] ‘O 06 /, L ° °
A Lo o b .
Lo 928 © ° oo, °
o
0 % : ° °1 1 1 . 1 ' 1 0 ° .0 1 i 1 1 1 1 '
0 0.5 1.0 0 B 0.5
I'n, Zn . Ta, 2n
© (d)

Fig. 8 Relation between r,, z, and r,, Z,.
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