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Abstract : The frequency response of water columns in liquid piston stirling engine under no
load condition is obtained theoretically by using linearized technique to our introduced
nonlinear differential equation in the previous report which cannot be applied to theoretical
estimation with unknown initial condition. The amplitude ratio of each water level and its
phase lag and natural frequency are obtained theoretically. The results agree well with

experiments.

Key words : Stirling Engine, Frequency Response, Linearization Oscillatory Flow

1 Introduction

The liquid piston stirling engine known as the Fluidyne was invented more than two
decades ago and since then, many studies have been conducted to explore and describe the
potential of this machine for a wide variety of applications?’. The merits of this engine
are obvious in terms of low cost, simplicity in construction, maintenance free, and ability
to use low grade fuels?.

In our previous studies concerning a feedback type liquid piston stirling engine, firstly,
we introduced the basic equation of motion of the water columns and confirmed by
experiments® . Secondly, we investigated the direct usage of this engine to pumping water
and found out its very low characteristics. This led us to the development of a new
water—hammer type of pump with a remarkable output performance® . Thirdly, we also
clarified the vibration mechanism by using linear stability analysis without taking into
account the friction loss terms in the introduced equation because of their very small
magnitudes.

The purpose of this present work is to clarify by theoretical treatments, the frequency
response about this engine system by application of linearized technique to our nonlinear
differential equation, taking into account the small nonlinear friction terms (%, %ww, €tC.).
These friction terms cannot be neglected because they play an important role in obtaining
phase lag necessary for estimating engine power performance in design. We note further
that our nonlinear differential equation cannot be used directly in theoretical estimation
with unknown initial conditions. Hence, in this present treatment, we can obtdin the useful
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system function with the application of equivalent treatments (c%) to various pipeline
friction, not only to straight pipe, but also to convergent—divergent ducts. We confirmed

these estimations by experiments.
2 Nomenclature

cross—sectional area

frequency transfer function

pressure

Fourier transformation of pressure
Fourier transformation of displacement
displacement

velocity

acceleration

MR MDY Q

density

0) angular frequency
subscript

g gas

1 liquid

co cold space

he hot space

pw  output column

3 Theoretical Procedure

Consider the engine system as shown in Fig.1(a)®. From our previous equations®, we
cannot obtain the frequency response especially the amplitude ratio and phase lag if the
friction loss is neglected. Another point to consider is that the equation cannot be used for
estimation without experimental initial condition. And so in this present analysis, we take
into account of friction loss inspite of having small values, to improve these fundamental
equations and become useful form for characteristics estimation.

Assuming at the steady operating condition of motion that each water column might
have small vibration amplitude, the friction terms can be treated as cx®~®. Then the

linearized equations of motion (1),(2), and continuity (3) based on our previous equation—
3)

s% are written as follows :
Ane Zhe T+ Do Xpw 2Cnyf§m + 2dh’}&.vp\v + fie Xne + The X ™= 0 (1)
Ape Fne F b B T (60" F e e ) + (A F di e e ) Koo
+ fow Koo T Low Xpw = Lip (Pre — Pp) (2)
Ap\\‘Xp\\' + Athho + AcoXco = 0 (3)

where Lp = Aw’Aun / 01 and the coefficients ¢, dv’, ¢, and d,’ are defined as the
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Fig. 1. Schematic (a) and analytic (b) diagram of the engine
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approximate equivalent linear friction coefficients and the form of their frequency response

are written as follows®

Ch = Che@X*ne U
dv = dhea)X*pw v
G = Cwwx e ¥
dy = dpwx o ¥

-6) .

4
)]
(6)
(D

where ¥ = 8, 7(37)and the coefficients an, bhre, Chy dbc, €ne, They ines Bpws Dpws Ciws Qpws €pws Tows

and 1, are defined as constants whose magnitudes are determined by equating to zero the

displacement variables xw. and x. inside each coefficient’s expression® .

Moreover, x*i and xp are the amplitude of oscillation at the hot space and output

columns, and @ the frequency of oscillation.
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Next, Pw. is the pressure of the working gas at the heat space and P,. is the load
pressure at the output column and assumed of the form,

1
Pow = —2‘0g Cpp I Xpw | Xpw (8)

where Cy 1s defined as the loss coefficient at the load side.
By linearizing py., we get

1
Pow = —'210 g Cpp X" pw ww‘xpw (9)

where C,, is the approximate linear damping coefficient.
Equations (1) —(3) are then Fourier transformed, which results in the following
equations,

(fre —ane @? + 20 x"ww?j ¥)Xhe

+(ihe"‘bhew2 +2dheX*pww2j lF)X}Z)W:O (10)
{fow — 2m@? + (Cow + Epw Cro @)X 0w ? ] U} Xhe
+ {ipw — b ? + (dow + €pw dne € + 0.5LpCon)x* v ? i ¥} Xpw = LpPu (11

By substituting equation (10) into equation (11), we get the characteristic equation as,

{breapw — bowan) S* + {bel: — awla + Liape — Lisbpe} 58
+ {ik Apw — The Dpw + bre fow — Bnedpw + LiLz — LigLis} 82
+ Gre Lz — f L + Lifpe — Laipw} S

+ {ihe fpw - ipw fhe} = 0 (12)
where

L, = Zdhe x*hJFa) (13)

Le= (cow + e/ @r)x* e T 14

L; = 20heX*he T w (15)

L= (dpw + epwdie /& + 0.5LpCo )x"pe Tw (16)

The imaginary parts of the characteristic roots of equation (12) constitute the
frequency of self—excited vibration of this system. As an example of the relation of this
natural frequency in equation (12) to scale ratio is shown in Fig. 2, where the scale ratio
means the ratio between the dimensions (diameter and pipe length) of a similar
configuration engine with the model engine in Fig.1(a).

Finally, by using equations (1),(2),(3), and (9),
we obtain the frequency transfer functions of the system
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Fig. 2. Relation of natural frequency w» to scale ratio

Xpw .,/ Xhe=Gpho=Lp(R:+ 1:i)  (Ra+ 15]) amn
Xpw,/ Phe=Gs=Lp(R:+ 1:i) ./ (Z:+ Z:i) (18)
Xhe,/ Phe=Ge=Lp(Ra+ 1:3)/ (Z:+ Z:3) ‘ 19
Xco,/”  Xpw=Gy=(Rs+ 153)/ (R:+ 1:3) (20)
Xco,/” Xhe=Gp=(R:+ 15i),/ (Ra+ 1:i) 210
Xco/ Phe=Gz=Lp(Rs+ 1:i)./(Z:+ Z:1i) 22)
where
Z1:R1R3"1113+R2R4_1214 (23)
Zz=R113+R311+R412+R214 (24)
Ri1=fpw— El.pwa)2 (25)
R:=fi— an w? (26)
R:i=bnw? —in (27
Ri=imw —bpw? 28
Rs= —{(Aw./ Aw R: + An./As Rs) (29
I.=1L, (30)
I.=1Ls (31)
I.=—L: (32)
I.=L, (33)

IS= _(pr/AcoIZJf_ Ahe/AcoI3) (34)
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4 Experimental Procedure

The experimental engine as shown in Fig.1(a) was partly made of acrylic transparent
pipe 96 mm in diameter at the hot and cold space and 51 mm at the output column to
observe the oscillations of the water columns and the displacement was recorded using
video camera. A stainless steel wool weighing 100 g (0.2 mm in diameter) was used as
regenerator material inside a casing 90 mm in diameter and 100 mm in length.
Thermocouples were embedded at the walls of the hot and cold space to measure the
operating temperatures. A 0.38 kw sheath heater was used at the hot space. A water
jacket outside the cold space was provided and exchanging water at a rate of 22 ml /s,
The pressure at the hot space, cold space, and at the output column air space was measured
using semiconductor pressure transducer. In our engine, the small pressure difference
between the hot space and cold space was neglected. The load of the engine was adjusted
using a gate valve at the output column.

In the case of forced vibration experiment, pressurized air was introduced inside the air
room of the engine at room temperature using a compressor that is equipped with an
automatic timer to monitor the motion of the water columns at various vibration

frequency.
5 Results and Discussion

In the calculation, the value of amplitude x™. is obtained from a given x*.. By using
the calculated characterictic frequencies, the absolute values and phase lag of the transform
functions are obtained and compared with experiments. Under no load condition, that is
Cwo = 0, our calculated values of the characteristic frequencies are 1.15 and 3.39 rad /s.
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Fig. 3. Frequency transfer function | Gpho | vs. amplitude x"m
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Figures 3 shows that the amplitude ratio | Gpho | increases at different amplitude
X"pw. On the other hand, the phase angle of Gpho, as shown in Fig. 4, is almost constant.

Figures 5 and 6, respectively, show the behaviour of Ge¢ and its phase angle at
different x*,u.

Table 1. shows the comparison between the experimental and calculation results. It is
indicated in the general case, that the calculation results agree well with experiments.

6.28
— ANALYSIS
O EXPERIMENT
3.14 1
=
8
s
g © o
0.0
o
<
=
@]
Nl
—6.28 +
0.0 0.25 0.5
xX*, m
Fig. 4. Phase angleZGpho vs. amplitude x*p
4
— ANALYSIS
O EXPERIMENT
©
o
N
=
a
»
— 0]
Q
© O
0 ]
0.0 0.25 0.5
x¥, m

Fig. 6. Frequency transfer function | Ge | vs. amplitude x" o



30 Res. Rep. Kochi Univ. Vol. 42 Agric. Sci.

6.28
— ANALYSIS
O EXPERIMENT
314 L
o
g
o}
o
j -
. 00 |
S
N o)
314l o
—6.98 ‘
0.0 0.25 0.5
X*, m

Fig. 6 Phase angle<Gc vs. amplitude X"

Table 1. Comparison between experimental and calculation results

Frequency X" = 0.13m X e = 0.21m
Tran;fer Function Exp. Cal. Exp. Cal.
| Gpho | 1.12 0.88 1.75 1.1
| Gs | x107°m/Pa 2.03 1.17 2.27 1.17
| Gol x107*m/Pa 1.72 1.32 1.32 1.07
| Gy | 1.05 1.19 0.67 1.00
| Gp | 1.18 1.06 1.20 1.10
|Gz | x107°m/Pa 1.59 1.27 1.04 0.97
Phase Angle rad rad
< Gpho 1.30 1.46 0.89 1.41
Z Gs —2.03 —3.10 —3.14 —3.11
Z Go —2.73 —4.53 —3.45 —4.49
Z Gy —4.22 —4.37 —4.34 —4.27
Z Gp —2.92 —-2.90 -3.35 —2.86
Z Gz —0.36 —1.19 0.00 —-1.10
Operating Frequency rad,/s rad/’s
W 3.38 3.39 3.38 3.39

6 Concluding Remarks

The linear analysis presents a clear understanding of the frequency response of the
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motion of water columns in liquid piston stirling engine under no load condition. The
theory agrees well with experiment.
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