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Abstract

The initial value problem for a fifth-order nonlinear dispersive partial differential
equation describing the curve flow on the sphere is considered. A typical example
of the equation arises in a hierarchy of completely integrable systems contain-
ing one-dimensional classical Heisenberg ferromagnetic spin model. This paper
establishes the local existence and uniqueness of a solution to the initial value
problem under the periodic boundary condition. The proof is based on the energy
method combined with a kind of gauge transformation to overcome the difficulty
of a loss of derivative.
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1. Introduction

1.1. Setting of the problem and the background

Let N > 1 be an integer, X be either the real line R or the one-dimensional flat
torus T := R/Z, and let S" be the N-dimensional unit sphere in RV *! centered at
the origin. We consider the initial value problem for a fifth-order nonlinear partial
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differential equation (PDE) of the form

U = biUygzas + 501 (Ugzas Us)U + 1001 (Upgs, Use ) U + bo Uy [ty

+ b3 (U Ua) U + ba(Uag, Us ) Uge + bs|Uag| 1y

+ bg |t |* (U, e )t + byt 1y, (1.1)
uw(0,z) = up(x), (1.2)

where u = u(t,z) : R x X — S¥ c RV*! being a curve flow on SV is the
unknown function and ug = up(z) : X — SV is a given initial function. The
standard inner product and the norm in R¥*! are denoted by (-, -) and | - | respec-
tively, that is, (u,v) = wjv; + ugvy + + -+ + un1vn41 and |u| = /(u,u) for

any u = (u1,us,...,uny1),v = (v1,0s,...,0n41) € RVTL Throughout this
paper, it is assumed that by, b, . . . , b7 are real constants which satisfy b; # 0 and
—3b2 - b4 + b6 = 0.

The setting for by, b, . .., b7 in (1.1) comes from the requirement for the solu-

tion u to satisfy the constraint condition u(t, ) € S¥. To see this, suppose that
w: (=T,T)x X — SV is a smooth solution to (1.1)-(1.2). Then, by taking partial
derivatives of |u|? = 1 with respect to ¢ or z, we see (u,u;) = 0, (u,u,) = 0,
(U, uwx) = _|u;t 2’ (u)u$$$) = _B(Uz:va u:c)» (U7 u:czza:) = _4(u$1‘1‘7 u$) _3|uxz 2’
and (U, Uggrzr) = —D(Upgaz, Uz) — 10(Uggs, Uz ). From them, it follows that

0 = (u,ur) = b1(U, Ugaae) + 501 (U, Unge) + 101 (Upza, Usa)
+ ba|ug |* (U, Usaa) + ba(Usa, Us) (Uag, w) + be|ta|* (Uaa, Us)
= (5by — 5b1) (Ug, Ugze) + (1001 — 10b1) (U, User)
+ (=3bg — by + bg) [t |* (e, Us)
= (—3by — by + bg)|us|* (Uge, Uz ).

Therefore, it is reasonable to impose —3by — by + bg = 0.
The equation (1.1) with N = 2 arises in a hierarchy of completely integrable
systems containing the following second-order PDE

U = U N Ugy (1.3)

where u = u(t,z) : R x X — S§? C R?® and A denotes the vector product in
R3. The equation (1.3) arises in several contexts in mathematics. In mathematical
physics, (1.3) is known as a one-dimensional classical Heisenberg ferromagnetic
spin model ([24]) or Landau-Lifshitz equation with zero dissipation([16]). Also,
(1.3) is known to be related to the so-called Da Rios equation which models the
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motion of a vortex filament in inviscid incompressible fluid in R3. In geometric
analysis, (1.3) is known to be an example of the Schrodinger map (or Schrodinger
flow) equation for maps with values into a Riemannian manifold with an almost
complex structure. See, e.g.,[3, 4, 14, 20, 27] and references therein. In the con-
text of differentiable dynamical systems, (1.3) is known to be a completely in-
tegrable system. See, e.g. [1, 2, 8, 27] and references therein. In particular,
Barouch, Fokas and Papageorgiou [2] showed that (1.3) is a bi-Hamiltonian sys-
tem and constructed the recursion operator generating a hierarchy of integrable
evolution equations by the inverse scattering method. Anco and Myrzakulov
[1] derived the same bi-Hamiltonian structure, the recursion operator, and con-
servation laws for each equation in the hierarchy by using a geometric moving
frame. The hierarchy actually contains (1.3) as well as the so-called mKdV coun-
terparts. Indeed, following [1], the hierarchy of integrable bi-Hamiltonian flows
onu =u(t,z) : R x R — S?is given explicitly by

g = (uA Dy —uy D (u Ay, )"y, n=0,1,2,... (1.4)

where A is the vector product in R3, D, = 0/0x, and D, 1'is the inverse. The
equation (1.4) corresponding to n = 1 is just (1.3), and the one corresponding to
n = 2, 3,4 are respectively found to be described as follows:

3
n=2:u = Uz — 3(Ug, Upy)U — §]ux\2ux, (1.5)
5
n=3:u=—UNUppzs — DUz, Ugyp)U N\ Uy — §|ux|2u A Uy, (1.6)
5
n=4: Ut = Uggggr + 5(u:r:pxx7 UI)U + 10<uzmx7 umm)u + §|um|2ummz

15
35

35
+ 7|u$|2(um, Uy U + §|u$|4u$. (1.7)

The equation (1.7) is actually a particular case of (1.1) where N = 2, b = 1 and
(ba, ba, bs) = (5/2,10,35/2) satisfying 3bs + by — bg = 0.

1.2. Aim and Known Results

The equation (1.1) is a kind of system of nonlinear dispersive partial differ-
ential equations (PDEs) with the geometric constraint condition that the solution
takes values in S”. In general, the solvability of dispersive PDEs is essentially



related to the behaviour of lower-order terms in their equations. If there are many
types of lower-order derivatives of the solution in the equation, then it may in-
crease the risk of the presence of a bad structure that prevents the classical energy
method based on the integration by parts from working. The bad structure is called
a loss of derivative, the obstruction of which is to be overcome in some way in or-
der to solve the PDE. See, e.g., [5, 18, 19, 26] and references therein. In particular,
to solve our equation (1.1), we need to find a kind of good solvable structure of
nonlinear terms including lower-order derivatives. For this purpose, the detailed
analysis seems to be required, since (1.1) is a higher-order PDE and the nonlinear
structure depends also on the constrained condition u(t,z) € SV.

Some dispersive PDE systems with the constraint condition u(¢, x) € S? have
been investigated from the viewpoint of PDE theory for the last three decades. We
recall these previous results briefly. For the second-order S?-valued model equa-
tion (1.3), Sulem, Sulem, and Bardos [24] showed time-local and global existence
of a unique smooth solution in a Sobolev space by the classical energy method.
One can refer also to [28] for the results. The following third-order dispersive
PDE arises in the study of the motion of a vortex filament with the axial flow
effect([10]):

3
U = UN Upg + @ (um + 3(Uga, Uz )u + §|u$|2uz> , (1.8)

where u = u(t,z) : R x X — S?and 0 # a € R is a constant. For (1.8),
Nishiyama and Tani [21, 25] showed time-local and global existence of a unique
smooth solution to the initial value problem in a Sobolev space by the classical
energy method. The following fourth-order dispersive PDE arises as a higher-
order approximation of the Heisenberg ferromagnetic spin model (1.3) ([17]):

Up = U A Ugg + QU Upgag + b (Ugg, Ug )U A Ug + € 1|20 A Ugg, (1.9)

where u = u(t,z) : R x X — S*and a,b,c € R with a # 0 are constants. It is
known that (1.9) arises also in the study of the motion of a vortex filament with
the elliptical deformation effect ([9, 10]). For (1.9), the classical energy method
does not work by the presence of a loss of derivative, which is an essential dif-
ference from the analysis of (1.3) or (1.8). Fortunately however, Guo, Zeng, and
Su [12] succeeded to construct a weak time-local solution to the periodic initial
value problem in a Sobolev space where X = T under the additional assump-
tion b = 2c¢ = 5a. The proof is based on a modified energy method applying
some conservation laws. The conservation laws do not hold in general without
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the assumption b = 2¢ = Ha. After that, Chihara and Onodera [6] (resp., Onodera
[23]) showed time-local existence of a unique smooth solution to the initial value
problem in a Sobolev space where X = R (resp., where X = T) without the as-
sumption on a # 0, b, c. These proofs were based on the energy method combined
with a kind of gauge transformation. These results hold also for (1.5) and (1.6)
only by neglecting the term u A u,, in the right hand side of (1.8) and (1.9).

The aim of this paper is to establish the time-local existence result for (1.1)-
(1.2) from the viewpoint of PDE theory. The original aim was to find out a solv-
able structure for (1.4) with arbitrary n. It seemed interesting because the structure
of the nonlinear terms becomes complicated as n increases. Particularly, the case
of even n seemed easier to be handled than the case of odd 7, in that (1.4) for even
n is an odd-order dispersive PDE having a constant leading order term. How-
ever, it was not easy to write the right hand side of (1.4) for arbitrary n exactly
as a polynomial form of the solution and the partial derivatives only from the re-
cursion formula, which was not helpful to study the structure of nonlinear terms.
Hence we limit ourselves in the study of the fifth-order equation (1.1) containing
(1.4) for n = 4 in this paper. Since (1.1) is the first odd-order dispersive PDE
with constraint condition u(t,z) € S¥ which possesses the difficulty of a loss of
derivative, we can expect that the study will present an insight on how to solve
general odd-order dispersive PDEs in this context containing (1.4) for even n in
future.

1.3. Main Results

To state our main results precisely, we introduce some notation used here and
hereafter: For integers m > 0 and K > 1, H™(X; RX ) denotes the usual m-th
Sobolev space of R¥-valued functions on X equipped with the norm ||U||gm =
{3, fX(ag’jU(x),@fU(x))dx}l/Q for U € H™(X;R¥), where (-,-) denotes
the standard inner product in R¥. In particular, (H°(X;RX), || - || zo) is denoted
by (L*(X;RE),|| - ||z2). For an interval I C R and a Banach space Z, the set
of all Z-valued continuous (resp. essentially bounded) functions on [ is denoted
by C(I; Z) (resp. L>°(I;Z)). In addition, the set of all continuous maps from a
topological space Y into SV is denoted by C(Y, SV).

We are now in a position to state our main results.

Theorem 1.1. Let m be an integer satisfying m > 8. For any uy € C(T;SY)
satisfying uo, € H™(T;RNTL), there exists a positive constant T depending on
|wox|| s such that (1.1)-(1.2) has a unique solution v € C([-T,T] x T;S")
satisfying u, € C([=T,T); H™(T; RN*1)).



Theorem 1.1 shows the time-local existence and uniqueness of a solution to
the initial value problem (1.1)-(1.2) under the periodic boundary condition where
X = T. In fact, Theorem 1.1 is valid also for the case X = R. However, we
focus only on the case X = T in this paper, since the case seems to be more
difficult than the case X = R as is stated in Remark 1 in this section. In addition,
Theorem 1.1 is valid for (1.1) which is not necessarily completely integrable, as
far as the constraint condition 3as + a4 — ag = 0 with by # 0 is satisfied. In
other words, we show Theorem 1.1 without full use of the completely integrable
structure.

To prove Theorem 1.1, we employ the energy method combined with a kind of
gauge transformation following [4, 23]. The key ingredient of the method comes
from the following observation: Let u be a smooth solution to (1.1)-(1.2). Then,
by the classical energy estimate based on the integration by parts and the Sobolev
embedding, we can obtain

1d
3 gl < CallwlFpn + 81 [ (@utt )0
2dt T
+Bg/(8;”“%,8mux)(8;?+1ux,ux)dm
T
+Bg/(8’;1“%,83%)(8;”%,ux)dx, (1.10)
T
where Cy > 0, 1, B2, 3 € R are constants depending on by, b, ..., b; and on

m. By the presence of 9™ 1w, in the right hand side of (1.10), we cannot de-
rive the suitable estimate for ||u,|| gm directly from (1.10), which means a loss of
derivative occurs for (1.1). To overcome the difficulty, we introduce a function V,,,
by

Vin = Oy — ®107 2uy — ®007 2u, — ®307 By, (1.11)
o, = Ml’ux‘2> oy = MQ(';“x)um O3 = MB('aaxuaz)uxa

where My, My, M3 € R are constants which will be decided later. Then we find
that the commutator of the principal part b;9> with the transformation 07w, +>
V,, denoted by [0,02, I; — ®10;% — ®,0, 2 — ®30, %] generates the term

106y My (Oyty, 1 )02 + 5by Mo {((93-, Optiy ) ug + (0%, ux)axum}
+ 561]\/[3(81', agua:)uxa



which cancels out the loss of derivative. Indeed, by choosing M; = (51/(10b;),
My = B5/(10by), and M3 = —(3/(5by ), we can obtain

1

§%||leliz < ColllwallFpm—r + [Vl 72) (1.12)
for some constant C{; > 0, which guarantees the suitable energy estimate for
||Uﬂc||§{mf1 + va”%ﬂ (instead of [|uy||7m).

For more details on the proof, some remarks are in order: First, we can make
the above argument rigorous to construct a time-local solution by combining a
sixth-order parabolic regularization. Second, we apply some geometric properties
of SV-valued functions. We use basic tools of computations in [21, 25] where S?-
valued functions are handled. Since we use properties coming only from |u| = 1,
any essential difficulties do not occur by replacing S? with arbitrary SV. Third, we
show Proposition 2.3 by the estimate for 4 = |u|?> — 1 in H*(T;R). Although the
argument of the proof basically follows that in [21, 25, 23], the classical energy
estimate for ||| z2(1;r) does not work, which is different from that in [21, 25, 23].
We can avoid the difficulty by applying the same type of the transformation as
that in (1.11), where ®,9;2 and ®39; 3 are not required. In addition, our argu-
ment to show Proposition 2.3 breaks down without the setting for by, bo, . .., b7 in
(1.1). See the computation to obtain (4.9) and Remark 4. Fourth, the uniqueness
of the solution can be proved based on the energy estimate for H3-norm of the
difference of the two solutions with the same initial data combined with the same
transformation as that in (1.11). To make the argument rigorous, the assumption
m 2> 8 on the smoothness of the solution is applied.

Remark 1. The proof of Theorem1.1 is valid also for the case X = R, in that the
transformation 02w, +— V,, in (1.11) can be used without the need for modifica-
tion. Rather than the obvious fact, restricting ourselves to the case X = R, we
have another proof based on the energy method combined with a simpler gauge
transformation. More concretely, motivated by [22, 6] and references therein, we
introduce a function V,,, by

Vin 1= 0 uy — @8;"_2u$,

B(t,z) = M / (st ) + 10st0a (t, 1)) dy. (1.13)
0

where M € R is a constant which will be decided later. Then we find that the
commutator [b;93, I; — ®0;?] generates a second order term —5b; M (|u,|* +



|0, u.|?)0?, which is found to dominate the loss of derivatives in (1.10). Indeed, by
choosing M so that b; M is sufficiently large, we can obtain (1.12). The computa-
ton is simplified compared to that in our proof of Theorem 1.1 which uses (1.11).
This is one of the methods to bring out the so-called local smoothing effect inher-
ited to the solution to (1.1) in the setting = € R. Itis to be stressed that the simple
method is not valid in the periodic setting X = T. This is essentially because the
above local smoothing effect cannot be expected to hold on the compact domain
T. Indeed, ® in (1.13) can not be a map of the space of periodic functions into
itself. Therefore, to handle the case X = T, we need to clarify a more essential
solvable structure of (1.1), which is successfully achieved by introducing (1.11).

The plan of the paper is as follows: In Section 2, a uniform energy estimate
for higher-order derivatives of a sixth-order parabolic regularized approximating
solution is derived. In Section 3, the proof of Theorem 1.1 is completed. In Ap-
pendix, a detail on how to construct the approximating solution is supplemented.

2. Uniform energy estimate for approximating solutions.

In this section, we first construct a kind of sixth-order parabolic regularized
solution which approximates the solution to (1.1)-(1.2), and next derive a uniform
energy estimate for higher-order derivatives of the approximating solutions.

For fixed € € (0, 1], we consider the following initial value problem:

wy = & Fy + Fi, @2.1)
u(0, ) = ug(x), (2.2)

where u = u(t,z) : [0,00) x T — S¥ is the solution, ug = ug(z) : T — SV
is the same initial function as that in (1.1)-(1.2), and Fg and F5 are respectively
given by

Fs = OPuy + 6(02uy, ug)u + 15(03u,, Opuy )u + 10|0%u,|*u, (2.3)
Fy = b0y + 5b1(0Puy, ug )u + 10b1 (02, Optig ) + ba|u, |*0%u,

+ b3 (U, Ug )y + by(Dply, Uy ) Oty + bs|Optiy |ty

+ b |t |? (Opti, Uz )1 + br|ug| 1y (2.4)

The form of F5 is just as same as that of the right hand side of (1.1). We can show
the following:



Proposition 2.1. Let ¢ € (0, 1] and let m be an integer satisfying m > 7. Then for
any ug € C(T;SN) satisfying ug, € H™(T;RN*L), there exists a positive con-
stant T, depending on ¢ and ||ugy || gm such that (2.1)-(2.2) has a unique solution
u € C([0,T.] x T;SY) satisfying u, € C([0,T.]; H™(T; RN*T)).

Proposition 2.1 can be proved by combining the following two propositions:

Proposition 2.2. Under the same assumptions of Proposition 2.1, there exists
a positive constant T, depending on € and ||uo,||g~, and exists a unique u €
C([0,T.] x T; RN+ satisfying u, € C([0, T.]; H™(T; RN*™1)) and (2.1)-(2.2).

Proposition 2.3. Let u be the RN ' -valued function in Proposition 2.2. Then it
follows that |u| = 1 on [0,T.] x T, that is, u € C([0,T.] x T;SY).

By the added term ¢ [, (2.1) behaves as a parabolic system with the sixth-
order leading term £0%u, and polynomial nonlinearities F'(u) of the form

uy = ed2u, + F(u), (2.5)

where F'(u) consists of nonlinear terms of w, u,, . . ., d%u,, and has no constant
terms and no linear terms except for bydtu,. This helps to construct a solution to
(2.1)-(2.2) in a relatively simple way. Indeed, by parabolic smoothing properties
coming from the leading term £9%u,, we can easily show Proposition 2.2 by the
contraction mapping argument. Since the argument is standard, we omit the detail.

The role of Proposition 2.3 is to ensure that u € C([0,7.] x T; R¥*!) con-
structed in Proposition 2.2 actually takes values in S, where the form of Iy works
effectively to obtain a suitable estimate for i := |u|?> — 1. Although the proof fol-
lows the argument in [21, 23, 25], we need a modification of the estimate for aﬁh.
The idea of the modification is similar to that used later. The detail on the proof
of Proposition 2.3 is presented in Appendix for interested readers.

Next, we derive an energy estimate for the partial derivative of the solution
to (2.1)-(2.2) with respect to x uniformly in €. More concretely, the goal of this
section is to show the following.

Proposition 2.4. Let m > 8 be an integer. For each ¢ € (0, 1], let u® = u°(t, z) :
[0, T.] x T — S be the solution to (2.1)-(2.2) constructed in Proposition 2.1.
Then, there exists a constant T = T(||uoz||gs) > 0 which is independent of
e € (0,1] such that T < 1T for all € € (0,1] and {u3}.c (o, is bounded in
L>=(0,T; H™(T; RN*1)).



Proof of Proposition 2.4. We introduce a function V7, defined by

= O™ s — My |us |P0m2us — My(072us, ul )us, — Ms(9m*us, Opul Jus,

x) x

where M, Ms, M3 € R are constants which will be decided later. For conve-
nience, we set US, = 0" and A(u®) = Ay (u®) + Ag(u®) + As(u®) where

Al(ua) = @18;2, Ag(Ua) = @2852, Ag(ua) = @383:_3, (26)
(I)l = Ml\ui|2, (I)Q = Mg(', ui)us (I)3 = Mg(', amu;)u‘; (27)

x?

Then we can write as follows:

Vi = 00, — 01002 — ol 2us — By s
= U, — A(u)Ug,. 2.8)

Next, we introduce N,,(u®(t)), a function of ¢, defined by

— (s ()2 + VE@D22 32 2.9)

Restricting the time interval, N,,(u) turns out to be equivalent with ||u || gm.
More precisely, we define T by

T =sup{T > 0| Ng(u®(t)) < 2Ns(ug) forall ¢t € [0,7T]}.

Then, by the Sobolev embedding, it turns out that there exists a constant C' =
C(||woz]| gs) > 1 which is independent of e such that

1

C
for all ¢t € [0,77]. Under the setting, we shall show that there exists a constant
T = T(||wos| gs) > 0 which is independent of ¢ € (0, 1] and m such that 7 >
T uniformly in ¢ € (0,1] and that {N,,,(u®)}_c (o) is bounded in L*(0, T; R).
If it is true, then this together with (2.10) implies that {u5}_. (0,1] 1s bounded in
L>(0,T; H™(T; RN *1)). In what follows, we write v = u®, U,,, = U, V,, = V¢,
A(u) = A(u®) and A;(u) = Aj(u®)(@ = 1,2,3) for simplicity. Any positive
constant depending on m, b;(i = 1,...7), ||uo.||zs and not on € € (0, 1] will be
denoted by the same C'. From m > 8 and the Sobolev embedding H*(T; RY*!) C
C(T; RN +1), it follows that

Nop(u(8)) < [ ()] m < C Nop (u"(2)) (2.10)

||8 u:c”C ([0,T*];L2) & C ||8 ux||c ([0,T#]xT) X <C (] = O,l,...,?). (211)
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In addition, by (2.8), V,, = U,, + O(]0"?u,| + |07 3u,|) holds. We will use
these properties sometimes without any comments.
To begin with, we compute the PDE satisfied by U,,, and next compute the one
satisfied by V,,,. Suppose that ¢ € [0, 77]. Then, by (2.1), we have
OUp = 01(07u,) = O™y = eO" T Fy + O . (2.12)

After lengthy calculations using the Leibniz rule, (2.3), and (2.4), we obtain

5 m
O, = e{agUm +0 (Z |@;’Um|) } +0 (Z |8iux|> . (213)
j=1 Jj=0
O Ey = 0,0°U,,, + do(02Up,, Uy )u
+ dy (02U, Optig )t 4 do (02U, )y + ds|ug|*02U,,
+ dy (02U, O )t + ds (02U, Optiy )ty + dg (02U, Uy ) Optiy
+ di [t | (02Unm, g )u + dg(Optiy, 1) 02U, + do (0 Up, O, ),
+ d1o(0pUpn, Optiy) Optiy + dy1 (0pUnn, g ) 0211
+ dyo| | (0pUp, g )ty + dy3(0pUpn, O2ug )u
+ d14(0pUpn, ) (Opti, Ug )t + dis|tie|* (0 Upn,y Optiz )u
+ di6(2 s, ur) 0 Uy, + diz|0ptiy|* 00Uy + dis|tin]* 0. Upy + R,

(2.14)
where R,,, = O (Z;.”ZO ]6§;UI|> Each of dy, dy, . .., dg is a real constant depend-
ing on m and is given as a linear combination of by, bs, . . ., b7, the exact form of
which is not required below. Furthermore, we can rewrite (2.14) as follows:

O Uy = 0™ Fy + P(u)U,, + Ry, (2.15)
where
P(u) = b,0° + Py(u)0? + P3(u)0? 4 Py(u)0? + Py(u)0,, (2.16)
Py(u) = do(-, uz)u, (2.17)
Ps(u) = dy (-, Optiz)u + do(-, up )y + dslug|?, (2.18)
Py(u) = dy(-, 0%uz)u + ds (-, Optig )ty + dg (-, Uy ) Optiy
+d7|ux| (,Ux)u—ng(axe,Ux), (219)

Pl(“) - d9('7 aiu:c)uz + le('a azux)amuw + dll('a u:c)afiuw + de’u$|2('7 u:s)uz
+ d13<'7 aguz)u + d14<'7 ux)(axuma u:p)u + d15|ux’2('7 a:rux)u
+ d16(8§ux, Ux) + d17|8xux|2 + d18|ux|4. (220)
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Then, from (2.8) and (2.15), it follows that

3th = 8tUm - (9t(A(u)Um)
=" Fs + P(u)Uyy, + Ry — 0:(A(w)Uyy,)
= 0" Fy + P(u)V,, + P(uw)A(u)U,, — O)(AM(u)Up) + R (2.21)
Using the expression (2.21), we have
1d

2dt||vm||%2 = /(@Vm, Vm)dl’ = Ell + ]2 + 13 + I4, (222)
T

I = / (O Fs, Vin)dz, I = / (P(u) Vi, Vin)dz
I — /T (P)AW) U, — B(AW)U), Vi), Ty = /T (Ron, Vi) d.

We estimate 14, € I, Iy, I5 separately. For I, R,, = O (Z;.nzo |8§Eu$\> implies
|Rinllr2 < Cl|tg||gm. Using this and (2.10), we have

/(Rm, Vo dz < | Bl l[Vinll g2 < C N ()2 (2.23)
T

For ¢ I, from (2.13) and U,,, = Vi, + O(|07%u, | + |07 3u,|), it follows that
Fg =8V, + Q where Q = O <Z?:1 \a;vmy) + O (Z;”:O ]8;u1|> Using this,
the integration by parts, the Sobolev embedding, and (2.10), we see

el; < —||2Vill7, +5/(é, Vin) dx
T

5
< —elloVialZ, +C Y102Vl i2Vinll 2 + € C N ().

j=1

Furthermore, by the Gagliardo-Nirenberg inequality, the Young inequality, and
0 < e < 1, we obtain

el < —guagvmug + CN,p (). (2.24)

For I,, by (2.16), we can write
I, =0 /(aivm, Vi )dx + Iog + Ioz + Ioo + I, (2.25)
T

IQk = /(Pk(u)aivm, Vm)dflf (kf = 17273a4>a
T

12



where Py(u), ..., Pi(u) are given by (2.17)-(2.20). We compute the right hand
side of (2.25). First, by the integration by parts, we see

by / (02Vi, Vin)dx = by / (02V,,, 02V, )dx = 0. (2.26)
T T

For other terms lo4, ..., [51, we estimate by mixing the standard method of the
computation as above and some properties coming from the constraint condition
|u| = 1. We begin with the computation of Io4 =: [ + I] where

I:= /(P4(u)8§Vm,Um)dx, 11 := —/(P4(u)8§Vm,A(u)Um)d:U.

We first estimate /. By (2.17),

I =d, /(8§Vm, Uz ) (Upy,y w)d.
T
To estimate /, we use the following property

(Up,u) = —(m + 1)(8;“_11%, Uz) — mt1Co (8;"_2%, Otz
m—4
= 1 Cy (87 By, 02uy) + O (Z \aguxy> . (2.27)
j=0

This can be obtained by taking the partial differentiation of |u|?> = 1 with respect
to x inductively. (This has been applied also in [21] for a third order nonlinear
dispersive PDE modelling the motion of a vortex filament.) By substituting (2.27)
and by using the integration by parts, we deduce

I < —do(m+1) /(8§Vm,ux)(3gz_1ux,ux)dx
T

—dy m+1C2/(8§Vm,ux)(agl_qu,axux)dx
T

— d(] m+1C3 /(8§Vm, um)(a;”*?’uw, (‘3§um)dx + CNm(u)2
T

13



Using the integration by parts again, we deduce
I dolm 1) [ 02V i) 02 s s}
+ do(m+1) A(@iVm,ux)(Um,uw)dx
+ do(m + 1) A(aﬁvm, ug) (07 My, Opuy ) da
FdoneiCa [ OV 010.)(02 s, )
+ dop ;m+1Co A(@iVm,ux)(Bg_lux, Optiy )dx
+ dy ;m+1Ca /T(Gng,ux)(a;”Quz, Ou,)dx
+ do ;n1Cs /T (02Vim, ua) (00 g, Doty )dx + C' Ny (). (2.28)
By the repeated use of the integration by parts as above, we arrive at
I <ap A(@me, O2uy) (U, g )dx + aiio /T((%Vm, Oty ) (OpUpn sty )dx
+ ai /T (02 Vin, 0uts) (Upn, Ot )da + u1a /T (02Vins 1) (0e U, w )it

+ 15 /(axvma ux)<aazUma aa:uz)d$ + Q16 /(aazvma ux)(Uma agux)dx
T T
+ CN(w)?, (2.29)

where a1, ..., a4 are real constants depending on dy and m but are indepen-
dent of (M, My, M3). Although the fourth term of the right hand side of (2.29)
still contains 9%V, by the integration by parts and U,, = V,, + O(|0"2u,| +
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|07 3u,]), we deduce

a14/(8§Vm,ux)(8xUm,ux)dx
T

< oy /(8§Vm, U ) (0 Vi, Uz )dx + C Ny (u)?
T

S / (02Vin, 142 Vi 2 )d — 24 [ (8, Vi, 1) (02Vi, )it
2 Jr 2 Jr
. % (0., Byt (00 Vi, ) — % (0. 1) 02V, )
+ C Ny, (u)?
= —ay /T (02 Vims ) (02 Vi, Opti)dx + C' Ny (). (2.30)

Furthermore, substituting (2.30) into (2.29) and using U,,, = V,,, + O(|07"%u,| +
|0m=3u,]), we deduce

I< all/(ﬁmvm,aiux)(vm,ux)dx
T
+ (0512 — 4 + 0515) /(aa:vm7 am“a:)(&rvmu u:v)dx
T

+ 13 /(axvma 8:cux)(vma axux)d-r + 16 /(8xvma ux)(vmv agux)d-r
T T
+ ONp(u)?, 2.31)
Here, the third term of the right hand side of (2.31) is bounded by C'N,,,(u)? by

the integration by parts as we show (2.30). The fourth term of the right hand side
of (2.31) is estimated by the integration by parts as follows:

alﬁ/(8$Vm,u$)(Vm,8§u$)d$ < —a16/(aa;Vm,@iuz)(Vm,um)dx + C Ny (u)?.
T T
Using them, we have
I < CNy(u)? + (a1p — ) /((’3me, 0%y ) (Vi ug ) da
T

+ (a12 — Q14 + ()é15) /(amvma am“m)(a:pvrm Ul«)dI

T
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Note that the second and the third terms of the right hand side of above cannot be
handled as above. This is a reason we introduce (2.8).

Next we estimate [/. Recalling (2.17) and using (u,,u) = 0 and AU,, =
M| ug [P0m 2u, + Moy(07 Uy, Ug )ty + Mz (07 3y, Optiy ) Uy, WE see

IT = —doMl/|um|2(8§Vm,um)(8§1_2ux,u) dx.
T

We use (2.27) replacing m with m — 2 to see

m—4
(0 2ug,u) = —(m — 1) (00 Py 1) + O (Z laiﬂx') |

j=0

Substituting this relation and using the integration by parts and U,, = V,, +
O(|072u, | + |07 3u,|), we deduce

1T < dom — 1)M, /T 1202 Vi 1) (07t 1) i+ O N (1)
< do(m = 1My [ [P0,V 1) U ) + N
< —do(m — 1) M, /T | |? (0 Vi, ) Vi, 1) dr 4 C' N,y ().
Furthermore, it follows from integration by parts
[ @) Vi)

_ / (Ot 1) (Vi 1) (Vi 1) e — / 1 2(Vin, Dtt) (Vi 1)
T T

< ON,p(u)? (2.32)

Therefore, we obtain 17 < C'N,,(u)?. Combining the estimate for I and that for
11, we obtain

Iy < CNp(uw)? + (ap1 — ) /(@Vm, O2uy)(Vin, ug)de
T

+ (12 — a1q + ag) /(6me, Optiy) (0 Vi, ug ) d. (2.33)
T
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Next we estimate I»3. By (2.18) and V,,, = U,,, — A(u)U,,, we have
I = dy /T (02Vim, Outt) (Vin, w)d + d /T (02Vins 1) (Vin, ) dae
+ dg/T |2 (O2Vi, Vi )de
— i, /T (0 Vi, Ortt) (U, u)de — dy /T (02Vin, Byt ) (A () Uy, w)d

+d2/(8§’Vm,u$)(Vm,ux)dx+d3/|u$|2(8§Vm,Vm)dx. (2.34)
T T

By lengthy calculations using the same argument as we obtain (2.33) from (2.28),
we can obtain

Irs < CNm(u)2 + a7 /(8xum,ux)laxvm]2da:
T

+ (03K /(833Vm7 8mux)(arvm7 Ux)dx + Q19 /(azvma agux)a/ma Uw)dxa
T T
(2.35)

where a7, ais, aijg are real constants depending on dy, ds, d3, m, but are indepen-
dent of (M, My, M3). Note that the second term of the right hand side of (2.35)
comes from the fourth term of the right hand side of (2.34). In the same way, we
can obtain

Ioo + I
< ONp ()2 + ano / (Ontn, 1|0 Vi 2
T

+ (0%} /(aa:vmy 8wuac)(axvma ua:)dl' + (0%))] /(a:vvmy aiux)(vma um)dx7
T T
(2.36)

where s, a1, (2 are real constants depending on m but not on (M7, My, M),
and each of the constants is a linear combination of dy, ..., d;s. Substituting
(2.33), (2.35), and (2.36) into (2.25), we obtain

T

T T
(2.37)
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where 81 = ai7tag, B2 = arg—aytaistaig+asy, f3 = ann—agtaigt+ao.
For I3, we begin with the computation of

P(u)A(w)Up, — O(A(u)Un) = Z{P(U)Ai(u)Um — 0(Ai(w)Un)},  (2.38)

which plays a crucial part in the proof. First, we consider P(u)A;(u)U,, —
O¢(A1(u)U,,). Noting 97"u,, and 9" 'u, are not included in A;(u)U,,, we com-
pute using (2.16)-(2.20) to deduce

P(u)Ay (w)U,, = (0102 + Py(u)ds + Ps(u)02)Ay (w)U,, + O (i |8%U:c|)

= 0102(A 1 (w)Uyn) + do(03 (A1 (w)Up), ug)u
+ di (03 (M (W)U, Opti Ju + do (03 (A1 (W)U ) i)t

+ ds|ug |*0? (A1 (w)U,,) + O (Z \@{ux\) . (2.39)

J=0

By the definition of A;(u) and V,,, = U,,, + O(|07u,| + |07 3u,

), we see

8 (A1 (W)U,p) = M |ua 207, + O (Z \@Zux\)

J=0

= Mi|u,|*0,V,, + O (Z |8;ux\> , (2.40)

J=0

02 (A1 (w)Uy) = My |ug P07 2, + 8 My (Opty, ug )07y, + O (Z |8;ux|>

=0
= My [ug 202V, + 8M, (D, 1)y Vi + O (Z |agux|) .

J=0

(2.41)
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Substituting (2.40) and (2.41) into (2.39), we have

+ 40by M, (0pz, U ) (0 Vi, U )t + dy M [t |2 (0 Vi, Ot )
+ dZMl‘uz|2(azvma u:):)um + d3M1‘ux’4ame

+0 <Z |6§;ux]> . (2.42)
§=0

Furthermore, we compute
Or(A1(w)Uy) = 2M 1 (Optiy, 1) O™ 21y 4+ My |, |20,07 2w,
Since u; = € Pu, + - - € C([0, T*]; H3(T; RN *1)) follows from m > 8,
| (Oatte, ua)| < N|Optie| oo |tz || 2o < C[Jal|eo,1e33m7)) < 400,
which yields
(A (W) Up) = M|, ? 0,07 u, + O (Z |8£ux\) : (2.43)
j=0
In addition, in the same way as we obtain (2.14) and (2.13), we have

ata;n_2uz =cF' + blagUm + dé)(azUn"m Ux)u + dll (axUma 8:0“;10)”
+ dy (0 Upn, U )y + ds|g|* 0, Uy + O (Z |8;ux|>
7=0

= F' + 0,02U,, + dy(02 Vi, ug)u + d (04 Vi, Optiy )u

+ db (04 Vi U )y + di| i |2 0p Vi + O (Z lag{uz|> . (2.44)

=0
Here d,, . . ., d}; are real constants depending on dy, dy, d2, d3. And
3 m
F' =0, + O <Z ya;Um|) +0 (Z |a;'ux|> . (2.45)
j=1 J=0
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Substituting (2.44) into (2.43), and noting A (u)92U,, = M;|u,|*03U,,, we ob-
tain
O(A1(w)Up) = & My|ug|*F' 4 by Ay (u)(92U,,) + dy My |1y |2 (02 Vi, ug )u
+ d M [ug |2 (00 Vin, Optiz ) + diy My [tiz]* (02 Vi, g )t

+ dy My |ug| 8,V + O (Z |8£um\> . (2.46)

§=0
Combining (2.42) and (2.46), we obtain

P(u)A1(w)U,, — Op(A1(u)Uy,)

—& Mi|ugPF' + by [02, A1(w)] Uy + (do — diy) M |ug | (02 Vi, u)u
+ 400y M1 (Opty, Uy ) (O Vi, g ) + (dy — d)) My g |* (0 Vi, Ot )1
+ (dy — di) M| * (0 Vi s )t + (ds — dy) My |1 * 05 Vi,

+0 (Z |agum|> .
j=0

Here, by the Leibniz rule and U,,, = V;, + O(|07"2u,| 4 |0 3u,|), we see

(2.47)

(02, A (w)] Uy = My 03 {|ue|?0, 2Upn } — Mi|ug |0, 205U,
= M |u,[* 02U, + 5M10, {|us|*} 02U, + 10M102 {|us|*} 0,Up,

5
+ MY 5C; 0 {Jual*} 0770, U — M|, 03U,

-

<
I
o

7j=3
= 10M(0ptiy, up)D2Up, + 10M; 02 {|ug|* } .U, + O ( |a;'u$y>

agpg) ., (2.48)

NE

= 10M(0ptty, up )2 Vi + 10M102 { e[} 0,V + O (

J

Il
=)
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Substituting (2.48) into (2.47), we obtain

P(u)Ay(u)U,, — 0y(A1(w)Uy,)

= —& Mi|ug|*F' + 10by My 0y, 1302V, 4+ 10M102 {|us|* } 02 Vi
+ (do — dfy) My |t |* (92 Vi, tg )t + 40by My (Dpti, g ) (O Vi, U )
+ (dy — dy) My |ug|* (02 Vi, Optig)u + (dy — dy) My [t |* (0 Vi, U ) Uy

J=0

Second, we observe that P(u) Ay (u)U,, — (A2 (u)U,,). Noting 9™, and 07w,
are not included in Ay (u)U,,, we compute using (2.16)-(2.20) to deduce

P(u)As(w)Uy, = (0,0 + Py(u)0t + Py(u)0) Ay (u)U,, + O <i \Qgcux])

4+ dy (02 (Ao (w)Upn), Optin )t + do (02 (Ao (u)Up), )1ty

+ ds|ug 202 (Mg (w)Uyy,) + O (Z |8£uw\> . (2.50)
=0
By the definition of Ay(u) and V;,, = Uy, + O(|072u,| + |07 3u,]), we have

D3Ny (w)Up) = My(07 g, ug ug + O <Z laiuz|>

J=0

= M5(0, Vi, g )ty + O (Z |agu$y> : (2.51)

7=0
O (Aa(w)Up) = Mo (00 ug, g )ug + 4Ma (00 Uy, Optin) s
+ AM (0" g, ug ) Oytiy + O (Z \ag,;ux|)
j=0

= My(0?Vin, g )ty + 4Mo (0, Vi, Optiy )y

+ AM (0, Vi, 1) Dptiy + O (Z |agux|) . (2.52)

J=0
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Substituting (2.51) and (2.52) into (2.50), we have

= 0102 (Ao (u)Uny) 4 do M|ty |* (03 Vim, tz)u
+ 4do My |u|* (0 Vi, Optie )t 4 (4do + dy) Ma(04 Vi, Uz ) (O, Uy )1

+ (dg + dg)M2|ux\2(6IVm, Uy )z + O (Z ]8§CUI|> (2.53)

j=0
Furthermore, we compute

Or(Aa(u)Uy,) = Mo (0,07 2y, g )ty + Mo (07 Uy, Optiy )ty
+ Mg(@?_%x, Uy ) O Uy

Since u; = € Qu, + - - € C([0, T*]; H3(T; RN *1)) follows from m > 8, we see

|07 [uo 10| < 110t oo 1tz [l 200"~ |
<

Clluzlleqomagamm)IOT ™ tal.
Therefore, we see
O (Mo (w)Up) = My(0,0 g )iy + O (Z |8£u$|) :
=0
Furthermore, by (2.44), (2.45) and Ay(u)03U,, = Ms(03U,,, u,)u,, we obtain

Or(Az(u)Un,)
=& My(F', ug)uy + biAo(w)(02U,) + diyMy(92 Vi, ue) (U, u) g

+ dy M|tz |* (95 Vin, Uz )iy + O (Z |8§3u$\) ) (2.54)

=0
Since (u,,u) = 0 follows from |u|? = 1, we have

Oi(Aa(u)Uyy,) = € Mo(F', ug)uy + byAg(u)(02U,,)

+ (dfy + di) Ma|ug[*(0: Vi, gty + O (Z |a;‘ux|> . (2.55)

J=0
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Combining (2.53) and (2.55), we obtain

P(u)As(w)U,, — 0(As(u)U,,)
= —& My(F' uz)uy, + by [02, Ao (w)] Uy + doMa|uy [*(92Vim, uz)u
—+ 4dOM2\um|2(8me, axum)u + (4d0 + dl)MQ(ame, um)(amum, um)u

+ (dy + d3 — dfy — dy) Ma|uy|* (02 Vi, 1)ty + O (Z yaguz|> . (2.56)

=0
Here, by the Leibniz rule and U,,, = V,,, + O(07 2u,| + |07 3u,|), we see

[82, Ag(U)} Un = My03 {(G;QUm, ux)ux} — M5(0, 205U, Uy Uy
= 5My(02Up, Optiy )ty + 5Mo(02Upn, g ) Oyt + 10 My (0, U, 02y )y

+ 20My(0y Uy, Oyt ) Dty 4+ 10 My (03 Up, )02y + O (Z |8£ux\>

J=0

= 5My(02 Vi, Optig )ty + SMo(02Vi, Uy ) Oyt + 10 My (0, Vi, 02y )t

+ 20 M3 (0, Vi, Dyt ) Dty + 10Mo (8, Vi, 1) 011y + O (Z yagux|> :
j=0

(2.57)
Substituting (2.57) into (2.56), we obtain

P(u)Ao(u)U,y, — 0 (Ao(u)U,y,)

= —& My(F', ug)uy + 5by Mo (02V,, Optiy )ty + 5by Mo (02 Vi, Uy ) Oty
+ 1061 Mo (0, Vi, 0?1z Yty + 200y M (0, Vi, Oyt ) Oyt
+ 106y Mo (0, Vi, 1) 2y + do Mo || * (02 Vi, ug )u
+ ddo Ma |ty | (0 Vi, Optiz )u + (4do + dy) Mo (04 Vi, 1) (Optiy, Uy )

b (dy + dy — dy — di) Mo|ug (0, Vi, )t + O (Z |8£u$|> . (2.58)

=0

Third, we compute P(u)A3(u)U,, — 0;(A3(u)U,,). Noting 0™ u,, 07 'u, and
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Om=2y, are not included in Az(u)U,,, we use (2.16)-(2.20) to deduce

T

3

P(u)As()Un = (0107 + Py(u)0;)As(u) U + O (Z Iaiux\>

J=0

3

Jj=0

DA (A3 (w)Un) = Ms(00 g, Ot g + O | D |0

7=0

= M3(0, Vi, Optig )ty + O (Z |a;ux|) . (2.60)

j=0
Substituting (2.60) into (2.59), we have
= 0105 (As(u)U,,) + doMs|ug|* (0 Vi, Optiy)u + O (Z |8fcux|) (2.61)
j=0
Furthermore, we compute

Oy (A3(uw)U,,) = Mg(@tﬁy_?’um Oy ) Uy + Mg(é?;”_gux, aiut)ux
+ Ms(0™ Py, Optiy ) Oy

Since u; = € ou, + -+ € C([0,T]; H3(T; RV *1)) follows from m > 8, we see

(01, 2t < 11020 o £ 0P|
< Clllualleqory )00 ua|,
‘(8;”_SUx7 axux)axUt| < ||0xut||L°° HUIHLOO |a;n_3ux|
< O(”Uz||C([0,Tg];H7))|321_3u$|.
Therefore, we see
O(As(W)Unn) = M3(0,07" s, Otz )tz + O (Z |é’iux|> Qe
=0
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In addition, in the same way as we obtain (2.14) and (2.13), we have

8158217371190 = ¢ F// + blaiUm -+ dg(@xUm, um)u -+ O (Z |8£:’U,x‘>

J=0

= e F" + 010°U,, + dy (0, Vi, ug)u + O (Z \a?cux]) . (2.63)

7=0
2 m
F"=8U,+ 0O (Z |8;'Um|> +0 (Z |aguw\) , (2.64)
j=1 J=0

where dj is a real constant depending on dy. Substituting (2.63) into (2.62), and
noting A3(u)92U,, = M3(9%U,,, O,u,)u,, we obtain

Oi(As(u)U,,) = € M3(F" | Opuy)uy + biAs(u)(92U,)

+ dI M(8, Vi, 1) (O, 1)U + O (Z \agux\) .

=0
Since (Oyty, u) = —|u,|? follows from |u|? = 1, we have
Or(A3(u)Uy,) = € M3(F", Oy )y + b1As(u)(02U,,)
— df M|y > (8, Vi, g Yty + O (Z |a;'uz|> . (265)
=0
Combining (2.61) and (2.65), we obtain
P(u)A3(uw)U,, — 0p(A3(w)Uy,)
= —& M3(F", Opuz)us + by [8;:’, Ag(Uﬂ Upn + doMs|ug|* (0 Vi, Opti )

+ dfy M3 |tz * (04 Vi, U )1t + O (Z |8£um|> : (2.66)
j=0

Here, by the Leibniz rule and U,,, = V,,, + O(|0™ 2u,| + |07 3u,
(02, As(w)] Uy, = M0, { (0, °Upn, Optig ) ug } — M3(0, 02U, Oyt )y

), we have

= 5M3(0, Uy, 6&%)%C + 5M3(0.Upp, Optiy ) Oty + O <Z \0%%])

Jj=0

= 5M3(0, Vi, 02Uy )ty + 5M3(0, Vi, Optiy) Optiy + O (Z |8;ux|> . (2.67)

J=0
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Substituting (2.67) into (2.66), we obtain

P(u)As(w)Up, — 8y(Ag(w)Us,)
= —& My(F", 0tz )y + 5b1 M3(0, Vi, 02y )ty + 501 M3 (04 Vi, Ot ) Oy

j=0

(2.68)

We now recall (2.38) and combine (2.49), (2.58) and (2.68) to obtain

P(u)A(u)Uy, — 0i(A(u)Uny)
= —e {M|u PF' 4+ My(F', uy)uy + Ms(F", Oy, )u, }
+ 106y M1 (Dt 1) 02 Vi, + 50y Mo (92 Vi, Oyt )
+ 5by My(02 Vi, g ) Optty + 501 M3 (0, Vi, 02z )y
+ a1 [t |2 (02 Vi, g ) + 2 (02, Uy ) Op Vi, + 3]0t |00 Vi
+ g (02 Vi, ) (Opy, U )t + 5|t ? (00 Vi Ot )t + 06|t |* (00 Vi, U ) Uy
+ 7|t [* 0 Vi + as(0pVin, 02z )ty + a9 (04 Vi, Oyt ) Ot

+ 10(0y Vi, 11202y + O (Z |a;'ux|> : (2.69)
=0
where o, . . ., oo are real constants. Although each of the constants may depend

on (Mj, My, M3), the exact form is not required except for that ag = a9 =
10b; M5. See Remark2. We are now ready to estimate /3. Substituting (2.69), we
can write

I =« / (Fo, Vin)dz: + 106y M, / (Outte, 1) B2V, Vi)l
T T
+5blM2/(0§Vm,8$ux)(Vm,ux)dx+5b1M2/(GiVm,ux)(Vm,azux)dx
T T
+561M3/(0mvm,8§ux)(vm,ux)d:c+a1/|ux]2(8§Vm,ux)(u, Vin)dx
T T

+/(13;(u)axvm,vm)dx+/(E}(u)azvm,vm)dwr/(Ez;,vm)dx,
T T T
(2.70)

26



where R, = O (Z;‘io \8§uw|> and
Fg = — M |ug|*F' — Mo(F', uy)uy — Ms(F”, Ot s
4 m
=0 (Z |agUm|> +0 (Z |agux|> : (2.71)
j=1 J=0
Pri(u) = aa(-, ) (Ot ta)u + o5 |ug| (-, Optig u, (2.72)

Pyo(u) = a(0Pug, tg) + as|Optie]® + a6t () e g + ar|ug|*

+ ag(s, cﬁux)uz + ag(+, Optiy) Optiy + 1o (-, um)ﬁium (2.73)

Observing (2.71), it is easy to obtain
e/(}i, Vin)da + /(R;, Vin)da < Zuagvmué 4+ C Ny (u)? (2.74)
T T

in the same way as we obtain (2.24). Using the property (2.27) coming from the
constraint condition |u| = 1,

041A(|um|2(8ivm,um)u,vm)dx

<o /T [z |? (02 Vi, ) (w, Uy Yd + C' N,y (u)?

< —an(m+1) /T 1 202V, 10) (11, 71 ) + O N (11)?
<l + 1) [ POV 0,85 ) + O (0

<ap(m+1) / 2| ? (02 Vi, ) (g, Vi )dx + C' Ny, (u)?
T
< CNp(u)?. (2.75)

In the same way as above, using (2.27) coming from |u| = 1, we can obtain

/ (Pr.1(1)0y Vi, Vin)da < C Ny (u)?. (2.76)
T

Observing (2.73) and ag = a9, We see 23\1/2 behaves as a symmetric operator.
Hence, as we show, e.g., (2.30), (2.32), we use the integration by parts to obtain

/ (Pra()0: Vi, Vin)dz < C Np(u)?. (2.77)
T
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Remark 2. The fact ag = a1 ensures the symmetry of /15; Indeed we can show

as/((amvm,ﬁiux)ux,vm)dx+alo/((axvm,um)aium,Vm)dx
T T

< (ag — aqp) /((anm,ux)agux, Vin)dz + C Ny, (u)?
T
= ON,,(u)?.

By the integration by parts, we deduce
10b, M, /T (Dt 1) B2V, Vi)
= —10b; M, /T(E“)xux,um)|8xvm|2dx — 106, M, /T(azux,ux)(axvm,Vm)dx
— 106, M, /T |00t | (0 Vi, Vi )d

< —10b, M, / (Optiy, Uz ) |0y Vin|*dxe + C' Ny (u)?, (2.78)
T

501 My /T (02Vy,, Opti) (Vi i )dw + 5by Mo /T (02 Vi, 1) (Vi Oty ) dow

= —5b1 M, /T (82 Viny Opt) (0 Vi, ) d — 5by Mo /?r (02 Vi, 03ug) (Vi 1) d
~ 5y /qr (0 Vi, Dstt) (Vs Dt ) — By My /T (0. Vs 1) (D Vi, Dty )
— Sh My /T (00 Vi, 1) (Vins 011z ) — 5y My /T (0 Vi, 00t) (Vi Dyt )l

< —5b1M2/E(ame,axum)(anm,um)dx—5b1M2A(@xvmﬁiuﬂs)(vm,um)dx

— 5b1M2/(8me,ux)(8sz,8xuz)d$+561M2/(Bme,ﬁgux)(Vm,ux)dm
T T
+ C Ny, (u)?

< —10b, M, / (02 Vim, Oxtin) (04 Vi, U )dw + O Ny (u)?, (2.79)
T

Consequently, substituting (2.74), (2.75), (2.76), (2.77), (2.78), (2.79) into
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(2.70), we obtain the following estimate
Iy < S10Winll3s + € N(w)? — 10010, /T (Onte, 1) |0, Vin 2
— 10b1M2A(@xvm,ﬁxux)(ﬁm‘/m,ux)dm
+ 5by M /T (02Vim, Ou0) (Vin, ). (2.80)

Substituting (2.23), (2.24), (2.37), (2.80) into (2.22), we derive

1d
577 [Vinllze < O Nin(u)® + (81 — 1001 M7) / (Dot 1120 Vi|*dv
T

T

+ (B3 + 5by Ms3) /(8§Vm,8§um)(vm,uz)dm. (2.81)
T
Since b; # 0 and the constants (31, B2, 53 are independent of (M7, My, M3), we
can set My = £_Iln’ My = 1§_i17 Ms = —5%31 to derive the desired estimate
1d 9 9
5 g IVnllze < CN(u)”. (2.82)

On the other hand, it is now obvious to obtain the following estimate

1d
5 g7 e llm— < ON(w)?, (2.83)

permitting loss of derivatives of order one.
From (2.82) and (2.83), we can conclude that the following estimate

— Ny (uf(t))? < C Ny (uF(2))? (2.84)
holds for all ¢ € [0,77], where C'is a positive constant which is independent of
e € (0,1].

Once we obtain the estimate (2.84), it is straightforward to show the uniform
boundedness of V,,(u°). Indeed, it follows from (2.84) that

N (uf (1))? < Ny (ug)? exp(Ct), t € [0,T7]. (2.85)
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Then, by the definition of 77", we have

2Ng(up)? = Ne(uf(T*))? < Ng(ug)? exp(CTY).

£

If Np,(ug) # 0, then this shows 2 < exp(CTY), that is, (log2)/C < T7. On the
other hand, if N,,(ug) = 0, then ug, = 0 and ug is a constant map. Then, the
constant map u® = wug turns out to be the unique solution to (2.1)-(2.2), which
exists globally in time. This implies V,,,(u®(t)) = 0 on [0, c0). In any case, if we
set T' = (log2)/C, then we see 0 < T' < T7 and {Nyn(u®)}.(g ;) is bounded in
L>(0,T;R). As we observed above (just below (2.10)), this shows that {u }_c
is bounded in L>°(0, T'; H™(T; RN+1)), which is the desired result. O

3. Proof of Theorem 1.1
In this section, we complete the proof of Theorem 1.1.

Proof of Theorem 1.1. Let m > 8 be a fixed integer. It suffices to solve the prob-
lem in the positive direction in time. From Proposition 2.1 and Proposition 2.4,
it follows that there exists a constant 7" = T'(||ug||zs) > 0 which is independent
of ¢ € (0,1] and exists a family {u°}_ , solving (2.1)-(2.2) on [0, T'| such that
{us}.c (0, 1s bounded in L*(0, T H™(T;RN*1)). Therefore, by the standard
compactness argument, up to a subsequence we can pass to the limit ¢ — 0 in the
equation (2.1) to find a a map u € C([0,T] x T;S") solving (1.1)-(1.2) such that
u, € L=(0,T; H™(T; RN*1)) N C([0, T]; H™~(T; R¥*1)). This completes the
proof of the existence of a solution locally in time.

Next, we shall show the uniqueness of the solution u constructed above. Let
u and v be solutions to (1.1)-(1.2) satisfying u,, v, € L>(0,T; H8(T; R¥+1)) N
C([0,T); H"(T; R¥*1)). Set z = u — v. To show the uniqueness, it suffices to
show z = 0. For this purpose, we consider the estimate for

— 1/2
D) = { =@l + 2Ol + 2@l + WO}, @D
/_V\V/ = Zgxx — M1|ux|2zz - M2(Z:c7uz)uz - Mg(Z, aazu:c)um»

where My, Ms, M3 € R are constants which will be taken later. It is easy to see
that there exists a constant C' > 1 depending on ||u,||c(jo. 1] 12),
and on (M, My, Ms3) such that

UIHC([O,T];H3)

é”z(t)HHs < D(=(t)) < Cll=(t) | s (32)
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for all ¢t € [0, 7. Noting this, we shall show that there exists a positive constant
C depending on ||u.||c(o,r;57)» ||z || (o,r1;57) and on (M, My, Ms) such that

L D) < O DA (3.3)

for all t € [0, T). If it is true, then we have 0 < D(2(t)) < D(z(0))e?“t. Then we
find D(z(t)) = 0 on [0, 77, since D(z(0)) = 0. This shows z = 0.

To show (3.3), we set U := uypy, V := Upgy, and W := z,.. = U — V. From
(1.1), it follows that O,U = 92u; = by02U + 5by (92U, u,)u+ - - - . The same PDE
as above is satisfied by V. After lengthy calculations taking the difference of the
equation for U and that for V', we obtain

oW = P(u,v)W + R.
Here R = O(|z| + |2z| + |222| + |W]) and

P(u,v) = 0102 + Py(u)0: + P3(u)0? + Py(u)0? + Py(u,v)0,, (3.4)
Py (u,v) = Pi(u) + dyo(-, v, )u, (3.5)
where dyg is a real constant, and Py(u), P3(u), P2(u), P;(u) are defined by (2.17),
(2.18), (2.19), (2.20) respectively. In addition, we can also write P(u,v) =

P(u) + dyg(+, 92v,)u where P(u) is defined by (2.16). (Though the coefficients
do, . . ., d1g may not coincide, the difference is not essential.)

Remark 3. The reason why the second term of the right hand side of (3.5) appears
depending on v comes from the following: Observing dy3(-, d3u,)u in (2.20),
the term of the form (0,U, 0,U)u is included in the right hand side of ,U =
b105U + 5b1(0,U, uz)u + - - - . Thus, we see 9;W includes the term of the form

(0.U, 0, U)u — (0, V, 0,V )v = (0, W, 0, U)u + (0,V, 0. W)u + (0,V, 9, V)=
= (0, W, Duy)u + (0. W, v, )u + O(|2|).

Note that W = W — A(u)W where A(u) = Aj(u) + Agy(u) + As(u) is just as
same as that defined by (2.6) and (2.7). Using the expression, we have

W = W — 8,(A(WW) = P(u,v)W — 8,(A(w)W) + R
= P(u,0)W + P(u,v)A(w)W — 9,(A(u)W) + R. (3.6)
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Since m > 8, we see u,, v, € C([0,T]; H(T; RN, ;W = b,oW + -+ €

C([0,T); L*(T; RN*1)), and thus W € C*([0, T); L*(T; RN*1)). Using (3.6) and
P(u,v) = P(u) + dyo(-, 02v, )u, we have

1d

5@”%”%2 == A(@tW,W)dx = Il + [2 + 13 + .[4, (37)

I = / (P(w)W,W)dz, I, = dg / (0, W, 0Pv,) (u, W)dz
I; = /T (P(u, V)A(W)W = ,(A(W)W), W)dz, I, = /T (R, W)dz.

We estimate [y, ..., Iy separately. In the computation, we often use the property
W =W + O(|z| + |2.|) and (3.2) without any comments. In addition, here and
hereafter, positive constants depending on ||, ||c(jo,r1,a7) and ||v||c(o,r7,a7) are
denoted by the same C.

First, since R = O(|z| + |zz| + |22z] + [W
C'||z]|gz < CD(z). This shows

), we easily obtain || R,z <

I <||R||2|W |2 < C D(2) (3.8)
Second, since (u, z;) = (U, uy — v;) = —(u,v;) = —(u — v,v;) = —(2, V)
follows from |u|? = |v]?> = 1, we deduce

(W)

= (Zogar U) — Mi|ug|? (2o, w) — Mo(2e, up) (s, ) — M3(2, Ugy ) (Us, 1)

= @3 {2y w) } — 2(20, ta) — (22 Uga) — Ml’ux‘z(zm u)

= —02{(2,02)} = 2(Zaz> Us) — (22 Uge) — M |ug* (22, 1), (3.9)

which yields (W, u) = O (|2za| + |22| + |2]). Using the integration by parts and
(3.9), we have

I = —dyg /T (W, 04, (u, T7) — dys /T (W, 0%0,)0,{ (u, W)} da

< CIWIZz + ClIW 2 |O(W | + 200 + |20] + [2])]] 2
<O D(2) (3.10)
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Third, by the almost same lengthy argument as we show (2.37), we can deduce
L <CD(2+ 6 / (Do, 1) |0, TV 2
T

+ 5 / (0, W, Oy ) (8, W, ug )da + Bs / (8, W, %u,) (W, ug)dz, (3.11)
T T

where 31, 52, B3 are real constants but are independent of (M, My, M3). This may
be reasonable because Py(u), P3(u), Po(u), Pi(u) here are respectively the same
as that given by (2.17), (2.18) , (2.19), (2.20) up to the coefficients. However, a
few remarks are in order on the difference of the argument here and that to obtain
(2.37): To obtain (2.37), the property (2.27) works effectively to estimate the terms
containing (U,,, u). On the other hand, to obtain (3.11) here, we cannot use (2.27)
directly, because what we need to estimate is not (U,,,u) but (ﬁ//, u). Despite
that, in the same way as we estimate /5 above, the property (3.9) works (instead
of (2.27) ) effectively to obtain (3.11). Hence, the difference is not essential.

Fourth, by the essentially same computation as we obtain (2.47), (2.56), (2.66)
with € = 0, we can deduce

I < / (P(w)A(W)W = 9,(A(w)W), W)dz + C D(z)?
<by /([679?7 Ar(w) 4 As(u) + Ag(w)]W, W)da + C D(z)?. (3.12)

Iilf:re, by the same computation as we obtain (2.48) , (2.57) , (2.67) and W =
W + O(|z| + |2z|), we obtain
(02, Ay (w)] W = 10M, (D11, g ) O2W + 20My (92, 11, )0, W
+ 20 My |01, 20 W + O(|2] + |2a] + |2a| + W),

[327/\2(“)} w

= 5My(02W, Oty Yty + 5Ma(02W , 1) Dty + 10Ma (0, W, 92tz )y
+ 20 My (8, W, Oyig) Dyt + 10Mo(0, W, 1) 02y
+ O(l2] + |22] + |22a] + W),

[83, Ag(u)} W
= 5Ms(0,W, 02ty )ug + 5M3(8, W, Oyug) Oty + O|2] + | 20| + |20a| + [W)).
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Substituting them into (3.12) and using the integration by parts, we obtain
Iy < — 100, M, /T (Duty, )| 0TV P — 100y My /T (0T, D) (0,1, )
+ 5by M /T (0, W, 0%u,) (W, up)dx + CD(2)>. (3.13)
We omit the detail, since the computation is almost same as that we obtain (2.80).

Consequently, substituting (3.8), (3.10), (3.11), (3.13) into (3.7), we obtain

1d ~ N
§%||W||%2 < O D(2)? + (B — 106, M) /(8xux,ux)|0xW|2d:v
T

- (Bs — 106, M) / (17, Dy, ) (0T, )
T
+ (B3 + 5by M) / (8, W, OPuy) (W, uy )da.
T

Since b; # 0 and since the constants [3;, 52, f5 are independent of (M, My, Mj),
we can set M; = %})1, M, = 1€—i1, My = —5%31 to conclude that there exists a
constant C' > 0 depending on ||, || (jo,r;57) and on ||vg || (jo,r);17)) > 0 such that

~—|[W(t)|2. < CD(2(t))* (3.14)

for all ¢ € [0, T]. It is now easy to obtain the estimate of the form

1d
5 WOz + 12022} < € D(=(1))° (3.15)
permitting loss of derivatives of order one. From (3.14) and (3.15), we derive
(3.3), which is the desired result to conclude the uniqueness of the solution .
Once the uniqueness is established, we can prove the time-continuity of 9" u,
in L? by the argument following [13] (see e.g., [6, 21] for more details.), which
implies u, € C([0, T]; H™(T; R¥*1)). This completes the proof of Theorem 1.1.
O
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4. Appendix: Proof of Proposition 2.3

Proof of Proposition 2.3. we define a function h = h(t,z) : [0,7.] x T — R by
h(t,z) = |u(t,z)|* — 1. It suffices to show h = 0. A simple computation yields

Oph = 2(u, uy), 4.1)
O2h = 2{(u, Opuy) + |ug|*} (4.2)
Bh=2{(u,Puy) + 3(ug, Opus) } (4.3)
Ooh = 2{(u, Puy) + 4(uy, Ouy) + 3[0,u.*} (4.4)
Bh = 2{(u, Oyuy) + 5(ug, O2uy) 4+ 10(0yus, Orus) } (4.5)
Bh =2{(u,Duy) + 6(uy, Oguz) + 15(0pus, Bouy) + 10102u,|*} . (4.6)

Since u satisfies (2.1),
1
§8th = (u,uy) = € (u, Fg) + (u, F5), 4.7)

where Fi and Fj have been defined by (2.3) and (2.4) respectively. From (2.3)
and (4.6), it follows that

(u, Fg) = (u, 85uz) + 6(8§uw,u$)|u|2 + 15(83%, 8$uz)\u|2 + 10\8§uw|2|u|2
1 .
- 5a;gh + {6(0uz, uy) + 15(uy, Oyuy) + 10]02uy|*} A (4.8)
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In the same way, from (4.1), (4.2), (4.3), and (4.5), it follows that
L s 3 2 3 2
(u, F5) = §blamh — 5by (ug, Dotiy) — 10b1(Optiy, O5uy) ¢ + 5b1 (O tiy, ug) |
1

1 2 1 2 2

- Ebg(azux, Uy )Orh + §b4(8xux, Uz )Oph — by(Optiy, Uy )| Uy
1 1

+ §b5|0wum|2axh + bg || ? (Optig, ug ) [ul* + §b7|ux|48$h

1 1 1

= iblagh + §b2]ux\28§ih + §b4(8mu$, U, )02h

1 1 1

4+ {501 (021, uy ) + 1001 (02 uy, Optiy) + b|us|? (Optie, ug) Yh
+ (5by — 5b1) (g, uy ) + (1001 — 10b1 ) (01, Opty )
+ (bg — 3by — by)|u2|(Optis, Uy ).

By the assumption on the coefficients b;, 7 = 1,2, ..., 7, the last three terms of the
right hand side of above vanish. That is, we have

1 1 1
1 2 1 o 1 4
+ {501 (D, Uy ) + 1001 (02 uy, Opiy) + bsltin|? (Optiy, uz) h.  (4.9)
Substituting (4.8) and (4.9) into (4.7), we obtain

Oth = ¢ [Ggh + {12(6;1%, ug) + 30(0Puy, Opuy) + 2O|6§ux|2} h}
+ 0102 + ba|ug [P0 h 4 by(Optiy, uy ) Oh
4 {b3(0%uy, ug) + bs|Optin]* + br|ug|*}OLh
+ {1061 (g, ug) + 2061 (0?1y, Optiy) + 2b6| Uz |* (Optie, uz) Y. (4.10)

Remark 4. By the form of F; and the choice of the form of Fg, the right hand
side of (4.10) can be written by a linear combination of h, 9,h, . .., 9%h. This will
be helpful to obtain the energy estimate for h below.
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We next introduce
G = 8?h — My|ug|? h, 4.11)
2 2 ~ 2 1/2
E(h(t)) = {Hh(t)HLz + |0:h ()] 72 + HG(t)HLz} , (4.12)

where M; € R is a constant which will be taken later. There exists a constant
C > 1 depending on ||u, ||c(jo,7);u1) and on M, such that

SNl < B() < ClAG) | (4.13)

for all t € [0, 7T.]. We shall show that there exists a constant C' > 0 depending on
||tz || (jo,7.);57) (and on M) such that

1d 9 9

5 E((1)” < CE(()) (4.14)
for all t € [0,7.]. If it is true, then we have 0 < E(h(t)) < E(h(0))e*°t = 0,
which implies & = 0. (E(h(0)) = 0 holds since |ug(z)|*> = 1 forall z € T.)

For this purpose, we set G = 92h. Then we can write G = G — A(u)G, where

A(u) = My|u,|*0,? which is just A (u) defined by (2.6)-(2.7) in Section 2.
After lengthy calculations using (4.10) and the Leibniz rule, we obtain

0,G(= 020:h) = eF + P(u)G + R, (4.15)

where
F=05h+ O (|00us| + |00ug| -+ - + |ug|) (02h + O,h + h), (4.16)
Py(u) = dolus|?, (4.17)
Py(u) = di(0ptiy, uy), (4.18)
Pi(u) = do(ug, up) + ds|Opz|* + dalug|?, (4.19)
R =0 (|00us] + |0pug| - - + |us|) (2h + O;h + h), (4.20)
and each of dy, ..., dy is a real constant which is given by a linear combination

of by, ..., b7, the exact form of which will not be required. By (4.15) and G =
G — A(u)G, we have

0:G =¢cF + P(u)G + R — 0;(A(u)G)
= cF + P(u)G + {P(w)A(w)G — 9,(A(u)G)} + R. 4.21)
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We use (4.21) to see

1d

5 dt”é”%z = A(até, é)d$ =i+ o+ J3+ Jy, 4.22)

le/(F,é)da:, ng/(P(u)é, G)dz,
Jy = /T (P(WAW)G — 0,(Aw)G),G)dz, Jy = /T (R,G)dz.

We estimate Jy, €.Jy, Jo, Js separately. For Jy, from (4.20) we see | Rz <
C'||h|| > where C' is a positive constant depending on ||, ||c(jo,7.);6)- Recalling
(4.13), it is easy to deduce

Ty < B[, l1Gllzy < Clltallcqomyns) E(h(1))*. (4.23)
For ¢.J;, from (4.16) and the definition of G, it follows that

= G + O (|08u,| + |Pus| - + ug]) (Bh + 8+ -+ + h).

Hence, in the same way as we obtain (2.24), we obtain
8 ~
£y < =S 05G )3 + Clluallcqo rm) E(Y (4.24)
For .J,, we demonstrate the computation in a little more detail to see Ay(u) and

A3(u) are not required when we define G. To begin with, by using integration by
parts repeatedly, we deduce

by / (0°G, G)dx = by / (0°G, 0°G)dx = 0, (4.25)
T T

/ (P3(w)d’G, G)dx = dy / ug|2(0°G, G)da

T T

——dy [ 0.(0:G.0,C)do — 24y [ @yt ) (@G G
T T

= d, / (O, )| 0, G2 dz — 2dy / (B, 1) (02G, G)d.
T T
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Hence we have

/T (Py(w)DC, Gda + /T (Py(w)02C, G)da
= d, /1I (B, 1) |0, G2 d + (dy — 2do) /T (D, 1) (072G, G)da
= o [ (Ortz 0 0.C e — (= 240) [ (Dra, 1) 0:G e
~ (= 2d0) [ 9,{(0112,1)}(0,6,C)a
= (3dy — dy) A(axuz,ux)@éﬁdx — (dy—2dp) Aém{(axum,um)}(axé, G)dz.

Furthermore, by integration by parts and the Sobolev embedding H!(T; RY*!) c
C(T; RN*1), we have

[ 0@ 0))0.6, G = = [ 024(0ss )} G

< C(l|luzlleqomy;my)IGIZ
< Cllualleqorymn) E(h(t))?.

By combining these estimates, we obtain

/ (Ps(w)33G, G)dx + / (Py(u)0%G, G)dx

T

< (3do — dy) / (Ot 1)|0:G2dx + C|[ta|eorgms ) E(A(E)2. (4.26)
T

Noting P;(u) behaves as a symmetric operator, we use the integration by parts to
deduce

[(Piwa.6.Griz =~ [ o(P(w) G
T T
< C(“u:cHC([O,TE};H‘l))E(h(t))z. 4.27)

Combining (4.25), (4.26), and (4.27), we obtain

Ja < (3d0 - dl) /(axuxaux)lgxélzdx + C(H“x”C([O,TE];H‘l)) E(h(t))2 (428)
T
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For J3, note first that u, € C([0,7.]; H"(T; RY*!)) and thus u; = € Bu, + -+ €
C([0, T.]; H*(T; RN *1)) follow from m > 7. Hence we can see

0(Mu)G) = O0(Milus|*h) = Milua|*0h + O(|[ualco,rym) |h).

Therefore, by the almost same computation as we obtain (2.47), we can deduce
Js < e / (F,G)dz + by / (102, A(w))G, G)dz + C(|Juell ooz E(R)?,
T T

where F = O(|0%u,|+|02uy |+ - - +]|ug|) (0h+8%h+- - -+h). In the same way as
we estimate €.J; using the Gagliardo-Nirenberg inequality, the Young inequality,
and 0 < € < 1, we obtain

~ o~ 6 ~
£ /T(F, G)dr < Z||8§G||§2 + C(||ug|lcqo,rymmy) E(R)?. (4.29)

Recall that A(u) here is just A;(u) defined by (2.6)-(2.7) in Section 2. Hence, by
the same computation as we obtain (2.48) and G = G + O(|h|), we obtain

(02, A(w)] G = 10M; (0, 1y )O2G + 20My (P, ug) 0, G
+ 20M,|0yu, |2 0,G + O(|02R| + |0:h| + |h)). (4.30)

Substituting (4.30) and using the integration by parts, we deduce
b [ (192 AW)G. G
T
< O(|Juglloqo.nyam) E(h)? — 1061 M, /(Oxu$,uz)|8$é|2 dz. (4.31)
T

We omit the detail, since the computation is almost same as that we obtain (2.80).
Combining (4.29) and (4.31), we obtain

o ~

2 < S103Gs + Cllualeqo sy B 10001 [ otz 0.)|0,CF do
T

(4.32)

Collecting (4.23), (4.24), (4.29), and (4.32), we obtain
1d

~ 6‘ ~
S IGI3: < =SNG, + Clluellogo ) E(h($)?

+ (3dy — dy — 106, My) / Doty u2))|0,C2dz.
T
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Since b; # 0, we can set M; = ?’dfo—;l‘h. Then, we obtain
1d ~ 9
5 721Gz < Cllluslloorymm) ER(E), (4.33)

which is the desired result.

It is now easy to obtain the estimate for ||h||z2 and ||0,h||z2 permitting loss of
derivatives of order one. Indeed, after a lengthy calculations applying (4.10), we
show that there exists a constant C' = C'(||uz ||c(jo,7];u7)) > 0 such that

1d
57 U@z + 10:20)7:} < CE(A(®))? (434)
for all ¢ € [0,7.]. Combining (4.33) and (4.34), we derive the desired estimate
(4.14). This completes the proof. [
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