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ABSTRACT. In this paper, we give a combinatorial definition of a higher ho-
motopy commutativity of the multiplication for an A,-space. To give the
definition, we use polyhedra called the permuto-associahedra which are con-
structed by Kapranov. We also show that if a connected Ap-space has the
finitely generated mod p cohomology for a prime p and the multiplication of it
is homotopy commutative of the p-th order, then it has the mod p homotopy
type of a finite product of Eilenberg-Mac Lane spaces K(Z,1)s, K(Z,2)s and
K(Z/p* 1)s for i > 1.

1. INTRODUCTION

The notion of H-spaces was introduced to study Lie groups from a homotopy
theoretic point of view. In recent decades, several theorems have been proved about
the finite H-spaces (cf. [7] and [15]), which suggest that the finite H-spaces have
many similar properties to those of the Lie groups.

Since being an H-space is a homotopy theoretic property, a space with the ho-
motopy type of an H-space is also an H-space. The typical example of an H-space
is a space X of the homotopy type of a loop space QY for some space Y. Sugawara
[24] gave a criterion for a space to be of the homotopy type of a loop space. His
criterion is a higher homotopy associativity of the multiplication. Later Stasheff
[22] expanded the definition of Sugawara and reached the concept of the A, -space.
An A,-space is by definition an H-space such that the multiplication is higher
homotopy associative of the n-th order. The polyhedra used in his combinatorial
definition are called the associahedra.

In 1960, Sugawara [25] also considered a higher homotopy commutativity of the
multiplication of an associative H-space. Later Williams [26] considered another
type of higher homotopy commutativity which is weaker than the one of Sugawara.
In his combinatorial definition, Williams used polyhedra called the permutohedra
which are originally introduced by Milgram [18] to construct approximations to the
iterated loop spaces.

In the definitions by Sugawara and Williams, the multiplications of the spaces
are assumed to be strictly associative. In this paper, we prove that we can define the
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FiGURE 1. Higher homotopy commutativity of the third order

higher homotopy commutativity of the n-th order only assuming the multiplication
is homotopy associative of the n-th order. For example, the higher homotopy
commutativity of the second order is just the homotopy commutativity, so it does
not need to assume any homotopy associativity on the multiplication. The higher
homotopy commutativity of Williams of the third order is illustrated by the left
hexagon in Figure[[l Thus, the definition is generalized for homotopy associative
H-spaces by using the right dodecagon in Figure [I1

Hemmi [5] considered a generalization of the higher homotopy commutativity of
Williams in the case of A,-spaces, and introduced the quasi C,,-space. However,
his definition is not a combinatorial one. Moreover, the definition of the quasi
Cp-space uses the projective spaces of the multiplication of the A,-space (see §3).
Since it is not known if the projective spaces are compatible with fibrations, the
quasi Cj,-space is not easy to handle. For example, the authors do not know if the
covering spaces inherit the property of being a quasi C),-space.

The reason why Hemmi gave such an artificial definition is that the polyhedra
used in a proper combinatorial definition become very complicated since they should
be given by combining the permutohedra and the associahedra.

In 1993, such polyhedra called the permuto-associahedra were constructed by
Kapranov [8]. Due to his construction, a combinatorial definition of the higher
homotopy commutativity has been possible now. In the present paper, we give the
combinatorial definition. An A,-space with a multiplication of this sort is called
an AC),-space (see Definition B.I). From the definition, X is an AC5-space if and
only if X is a homotopy commutative H-space (see Example (1)). Moreover,
our definition coincides with the one of Williams if the multiplication of the given
space is strictly associative (see Corollary [3.6]).

According to Hemmi [5, Prop. 2.3], a homotopy commutative H-space is a quasi
Cs-space, and if the multiplication is homotopy associative, then the converse also
holds (see also [23] Thm. 13.6]). In the case of AC,-spaces, we have the following
result:

Theorem A. (1) If X is an AC,,-space, then X is a quasi Cy,-space.
(2) If X is an An41-space having a quasi Cy,-space structure, then X is an AC,-
space.

Since AC,,-spaces are quasi C),-spaces, the theorems for quasi C,,-spaces are also
valid for AC,-spaces. In particular, the mod p torus theorems proved by Hemmi
[5] and Kawamoto [1I] are also true for AC,-spaces. Besides, since the universal
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covering of an AC),-space is also an AC,-space (see Lemma [B)), we have the
following stronger version:

Theorem B. Let p be a prime. If X is a connected ACy-space such that the mod
p cohomology H*(X;7Z/p) is finitely generated as an algebra, then X is mod p
homotopy equivalent to a finite product of Eilenberg-Mac Lane spaces K(Z,1)s,
K(7,2)s and K(Z/p',1)s fori > 1.

In the above theorem, the condition of AC,-space cannot be relaxed to AC,_1-
space. In fact, the odd dimensional sphere (52"’1)Q completed at p is an AC},_-
space for any n > 1 (see Proposition B).

In the case of finite AC),-spaces, we have the following corollary:

Corollary 1.1. Let p be a prime. If X is a connected finite AC)-space, then X is
mod p homotopy equivalent to a torus.

The above results are considered as mod p versions of the torus theorems by
Hubbuck [6], Lin [T3], Slack [21], Lin-Williams [16] and Broto-Crespo [3]. For the
details of the mod p torus theorems, see Aguadé-Smith [1], Hemmi [5], Kawamoto
[9], [10], [11], Kawamoto-Lin [12], Lin [14] and McGibbon [17]. In particular, since
the loop space of an H-space is an AC,-space for any n > 1 (see Example[3.2] (3)),
we have the following result:

Theorem 1.2 ([9, Thm. A]). Let p be a prime. If X is a simply connected mod p
H-space such that the mod p cohomology H*(2X;Z/p) is finitely generated as an
algebra, then QX is mod p homotopy equivalent to a finite product of Filenberg-Mac
Lane spaces K (Z,1)s, K(Z,2)s and K(Z/p*,1)s fori > 1.

For the rest of this paper, all spaces are assumed to be completed at a prime p
in the sense of Bousfield-Kan [2]. An H-space which is completed at p is called a
mod p H-space, and it is called finite if its mod p cohomology is finite dimensional.

This paper is organized as follows: In §2, we first recall the permuto-associahedra
constructed by Kapranov [8]. Then we show that the permutohedra are decomposed
by using the associahedra and the permuto-associahedra (see Proposition Z5). In
§3, we give the combinatorial definition of the AC,,-form on an A,-space by using
the permuto-associahedra. Then we prove Theorem A by using the decompositions
of the permutohedra in §2. By combining Theorem A with a result of Kawamoto
[11] on quasi Cp-spaces with finitely generated mod p cohomology, we give the proof
of Theorem B.

2. PERMUTO-ASSOCIAHEDRA

Stasheff [22] constructed a collection of special complexes {K,},>2 such that
K,, is homeomorphic to the (n — 2)-dimensional ball for n > 2. He used the
collection { K, }>2 to introduce the higher homotopy associativity of H-spaces (see
§3). The complex K, is called the (n — 2)-dimensional associahedron for n > 2.
Let L, = 0K,. Then by [22, p. 278],

Ln = U Kk(ra S)
r,s,k
for r,s > 2withr+s=mn+1and 1 <k <r. The facet (codimension one face)
Ky (r, s) is homeomorphic to K, x K, by the face operator di(r,s) : K, x Ky —
Ky (r, s) satisfying some relations (see [22, p.278, 3(a),(b)]). Furthermore, there is
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FIGURE 2. The associahedra K3 and K4

a collection of degeneracy operators {#; : K,, — K,_1}i<j<n satistying suitable
conditions (see [22] I, Prop. 3]). Here Figure 2l illustrates the associahedra K3 and
K.

Later Kapranov [8] constructed another collection of special complexes {I', },,>1.
By [8, Thm. 2.5], I',, is homeomorphic to the (n — 1)-dimensional ball for n > 1.
The complex Ty, is closely related to the associahedra { K, },>2, and is called the
(n — 1)-dimensional permuto-associahedron for n > 1 (Kapranov [8] denoted the
complex by KP, for n > 1). It is remarkable that Reiner-Ziegler [20, Thm. 2]
reconstructed T',, as the convex hull of a finite set of points in R™ for n > 1 (see
also Ziegler [29, Example 9.14]).

Let n = (1,...,n). For [ > 1, we denote a subsequence of n of length [ by
a = (a,...,a;). Let a: 1 — n denote the composite iy,jn, where i, : @ — n is
the inclusion and j, : 1 — « is the map defined by j, (i) = a; for 1 < i <. Let
t1,. o tm > 1 with ¢4 + -+ + ¢, = n. A partition of n of type (t1,...,tm) is an
ordered sequence (aq,...,ay) consisting of disjoint subsequences «; of length ¢;
for 1 <4 <m with iq,(aq) U+ Ulg,, () = n.

From the construction of I';,, there is a natural way to describe all the faces of
it. By [29] Def. 9.13], a facet (codimension one face) of I',, is represented by a

partition (a1, ..., ;) of n with m > 2, and a codimension two face is represented
by inserting a pair of parentheses in a partition (aq,...,am) as
(051, ey O, (Oéi, ce ,Oéj),Oéj+1, ce ,Oém)

with 1 <7 < j < m. In general, a codimension s + 1 face of I';, is represented by
inserting s pairs of parentheses in a meaningful way to a partition (a1, ..., ) of
n such that any pair of parentheses includes at least two elements each of which
is ay; or a parenthesized sequence. In this manner, vertices of I', are represented
by all meaningful complete ways of inserting parentheses to partitions of n of type
(1,...,1).

Now the facet of T',, corresponding to a partition (a1, ..., Q) is denoted by
P(ag,..., ). Let A, = 9T',,. Then we have that

(2.1) A= |J Tla,...,am),

(a1,eees0m)

where the union covers all partitions (aq, ..., am) of n for m > 2.

The permuto-associahedra I's and I's are illustrated by Figure[3 (see [29] p. 314]
for the 3-dimensional permuto-associahedron I'y).

Here we briefly explain how to label the permuto-associahedron I's in Figure
Bl Recall that the permuto-associahedra are used to describe the higher homotopy
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FIGURE 3. The permuto-associahedra I's and I's

commutativity of A,-spaces. When the multiplication of the space is strictly as-
sociative, the permutohedra are enough to describe it. Then we expect that the
permuto-associahedra I'), are given by modifying the permutohedra P,. In fact,
T',, is given by cutting off all the faces of P, in an appropriate way, so that each
of the facets of I'), corresponds to one of the faces of P,. Let us explain the case
of n = 3. In Figure [0 the left hexagon is Ps; and the right dodecagon is I's. In
those pictures, we need to take z,y and z as 1,2 and 3, respectively. The upper-
most edge is a commuting homotopy between xy and yx, and thus it is relabeled
by ((1,2),(3)). The vertex labeled by zyz in the left hexagon is relabeled by the
partition ((1),(2),(3)) in the right dodecagon. Since each of the faces of P3 gives
a facet of I'3, to make I's, the vertex xyz in Ps is replaced by an edge which is K3
representing the associating homotopy between (zy)z and z(yz).

Now we construct the face operators for I',,. If (aq,...,q,,) is a partition of n
of type (t1,...,tm), then the facet T'(cvy, ..., auy) is homeomorphic to K, x Ty, X
.- x Ty, by the face operator e(@t0m) : K, x Ty x -« x Ty, — T(aq,...,0m)

(see [8, p.139]).

First we give a rough idea of the construction. Again, let us explain the case
of n = 3. In the right dodecagon of Figure B] the uppermost edge labeled with
((1,2), (3)) is homeomorphic to Ky x I's x I'; by the face operator ((12):(3)), On
the other hand, the edge labeled with ((1), (2), (3)) is homeomorphic to K3 x I'y x
I'; xTy by e(1:(2:(3) | The intersection of these two edges is a vertex, the images of
(¢, (@) (5 %, %), %) by ((1:2:G) and (91(2,2)(x, %), *, %, %) by e((1):2):C)where
01(2,2) : K2 x K9 — K3 denotes a face operator of the associahedron Kj.

The next right vertex is the intersection of the two edges labeled with ((1), (2), (3))
and ((1),(2,3)), the images of (92(2,2)(*,%),*,%,%) in K3 x I'y x T’y x I'; by
(213 and (x, %, el@) (%, %, %)) in Ky x 'y x Ty by €((D:(23) " Another next
vertex, the intersection of the two edges ((1), (2,3)) and ((1), (3), (2)), is the images
of (x, %, (@M (x x %)) in Ky x Ty x Ty by e1:(23) and (95(2,2)(*, %), %, *, ¥) in
K3 X Fl X Fl X Fl by 6((1)’(3)’(2)).

In Ty, the facet labeled with ((1,2,4),(3)) is a dodecagon homeomorphic to
K5 xT'3 xT'q, while the facet labeled with ((1,4), (2), (3)) is a square homeomorphic
to K3 x I'y x I'1 x I'1. The intersection of these two facets is an edge which is
also the images of (x, (1312 (x ¢, %), %) by €((1L24:G) and (9,(2,2)(x, *),t, *) by
((1.4),2).3) for t € Ty.
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In general, we have the following:

Proposition 2.1. Let (aq,...,qn) be a partition of n of type (t1,...,tm) with
m > 2. Then we have the following relations:
(1) Ifr,s >2 withr+s=m+1 and 1 <k <r, then

el @) (O (r,8)(p,0), 71, -+, Tin)

= 6(517.H’B7V)(p7 Tiy-+ 5 Thk—1, 6("/17“”,‘/5)(05 Thy--- aTk+s—1)7 Tk+sy - -+ aTm)7

where (B1,...,Br) is the partition of n of type (t1,...,th—1,tk + -+ + thts—1, thts,
.oyt defined by

Bity = @it for1<i<k-1,1<t<t,
e Qirs—1(t) fork+1<i<r, 1<t <tis1

and
Br=arU- - Uakys1,
and (y1,...,7s) s the partition of (1,...,tk+ -+ +trrs—1) of type (tgy ..., thys—1)
given by Brvi(t) = ciyp—1(t) for 1 <i<sand 1 <t <tjyp_1.
(2) If (C1y--.,() 4s a partition of (1,...,tx) of type (u1,...,u;) with 1 > 2, then

e(o‘l""’a’”)(p, Loy Tho1, 6(41"“’<‘)(0, Wlyeo oy W)y ThtlyeresTm)
= e(m"“’m)(ﬁk(m, D0y 0)y Ty ooy The1s Wy e oy WEy Tht Ly« -5 T )s

where ¢ = m~+1—1 and (n1,...,nq) is the partition of n of type (t1,...,tk—1,u1,...,
ULy tht1s - - -y tm) defined by

a;(t) for1<i<k-1,1<t<ty,
ni(t) = S aGicpyr1(t) fork <i<k+1—-1,1<t<u_py1,
ai—141(2) fork+1<i<q 1<t<t 1.

Remark 2.2. In Proposition[2], the statements (1) and (2) are equivalent. In fact,
the partitions (aq,...,am), (B1,...,5-) and (y1,...,7s) in (1) correspond to the
partitions (11,...,7q), (01,...,an) and (¢1,...,§) in (2), respectively.

Next we construct the degeneracy operators d; : I';, — I'y_; for 1 < j < n. Let e
be a face of T';, represented by an insertion of parentheses of a partition (i, ..., am)
of n. To get the representation of §;(e), we remove j in the partition (a1, ..., o)
and replace k by k — 1 if k£ > j. Then we modify naturally to get a parenthesized
sequence in a meaningful way.

For example, if e is the edge represented by (a1, as) in I's with a; = (1,2) and
ag = (3), then da(e) is the vertex of T's represented by (51, B2) with 81 = (1) and
B2 = (2), and d3(e) is the edge represented by (1,2). As another example, let v be
the vertex of I'y represented by (((1),(2)),((3),(4))). Then d3(v) is the vertex of
I's represented by (((1),(2)), (3))-

In general, we have the following result by using a similar argument to the proof
of 221 I, Prop. 3] (see also [TI8 Lemma 4.5]):

Proposition 2.3. Let n > 1. Then there is a collection of degeneracy operators
{6; : Ty, = Tho1bi<j<n satisfying the following conditions:

(1) Assume that (aq, ..., ) is a partition of n of type (t1,...,tm) with m > 2.
If 1 < j < n, then we can choose 1 <k <m and 1 <t <t with ay(t) = j.
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(i) If t > 2, then
§je(a1""’a’”)(0, TlyeeoyTm) = 6(6‘1"“’5‘"")(0, Tlye ey The150t(Th )y Tht1s - - » Trm)s

where (&1, ..., Q) is the partition of (1,...,n—1) of type (t1,...,tg—1,tk—1,tgt1,
ooy tm) given by

o (awls) if awls) < J,
22) () {ak(sm—l if () >

and for 1l # k,

g — ay(s) if cu(s) < g,
(2.3) (s) {al(s)—l if au(s) > 7.

(i) If m > 3 and t, =1, then
§je(o‘1""’a"‘)(0, TlyeeosTm)
= (1 Qe 1okt 15 Gm) () () T Ty Thgls - - - T )

where Oy, : K., — K,,—1 denotes the degeneracy operator of the associahedron K,,
in [220 T, Prop. 3|, and (&1,...,Qk—1, Qkt1,-- -, 0m) is the partition of (1,...,n—1)
of type (t1, .-« th—1,tkt1,---,tm) given by (23).

(i) If m =2 and ty, =1, then

o fork=1,

§elane2) *,T1,To) =
/ (71, 72) {71 for k =2.

(2) IfZ § j, then 5361 = 5i6j+1-

Remark 2.4. In general, §; : I, — T',_q maps the two facets ((1,...,5 — 1,
j+1,...,n),(45)) and ((45),(1,...,5—1,5+1,...,n)) homeomorphically onto I',,_;.
On the other hand, each of the other facets in I';, goes to the corresponding facet
in I';,_1. The reason why the first two facets map homeomorphically onto I',,_; is
that those cases correspond to (iii) in Proposition [Z3] (1).

For example, d; : I's — I'y maps the two edges ((2,3), (1)) and ((1), (2,3)) of I's
homeomorphically onto I's, and each of other ten edges of I's corresponds to one of
the vertices ((1),(2)) and ((2), (1)) of T's.

Milgram [18] introduced the permutohedra { P, },>1 to construct approximations
to the iterated loop spaces {Q"E" X },,>1. A few years later, Williams [26] used these
complexes to define a higher homotopy commutativity of associative H-spaces.

Let n = (1,...,n). Then we can regard n as a point of R™. The symmetric
group X, on n letters acts on R™ by the permutation of the coordinates. According
to Milgram [I8] Def. 4.1], the permutohedron P, is defined as the convex hull of
the orbit of n under the action, and is homeomorphic to the (n — 1)-dimensional
ball for n > 1 (see also [26, Def. 2]). Here we illustrate the permutohedra P, and
P3 by Figure[d Let T,, = OP,. Then by [26, Thm. 3],

T, = U P(k,v),
(15,v)
where the union covers all partitions (k,v) of n of type (u,v) for u,v > 1 with
u+ v =n. By [26, Thm. 3], the facet P(k,v) is homeomorphic to P, x P, by the
face operator ¢**) : P, x P, — P(r,v) (see also [I8, Lemma 4.2]).
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FIGURE 4. The permutohedra P, and Pj

Let n > 1. Assume that (a1, ...,q,) is a partition of n of type (¢1,...,t,) for
m>1andty,...,ty, > 1witht;+---+¢t,, =n. Let A(aq,...,an,) be the complex
defined by

Alag,...,om) =1 xT(aq,...,amn)
for m > 2, where I is the unit interval and I'(ayq, ..., ap,) denotes the facet of T,
corresponding to the partition (aq,...,q.) (see (ZI0)). For m = 1, the partition
a =n, and we put A(n) =T,.
In the proof of Proposition[3.4], we need the following result:

Proposition 2.5. Let n > 1. Then we have the following:
(1) The (n — 1)-dimensional permutohedron P, is decomposed by

P, = U Alag, ..., m),

(041,...,0477,,)

where the union covers all partitions (a1, ..., Q) of n with m > 1.

(2) If (a1, .., am) is a partition of n of type (t1,...,tm), then A(aq,...,am) is
homeomorphic to Kp41 X Ty, X -+ - x Tt by the operator ot am) K1 x Ty, %
coex Ty — Aloa, .o an).

By using a similar way to the proof of [22], I, Prop. 25], we can show the following

lemma:

Lemma 2.6. There is a collection of homeomorphisms {Cpm, : IX Ky — K1 tm>2
satisfying the following conditions:

(24) (m(0,0') = al(2am)(*a0)'

(2.5) Cm(t, Ok(r,s +1)(p,0)) = Ok(r + 1,5+ 1)(¢ (L, p), 0)
forr>2, s>1withr+s=mand1 <k <r.

(2.6) 0;Cm(t7) = G (1,65(0))

for1<j<m.

Proof of Proposition[Z3. We prove by induction on n. Since P, = Ko =1'1 = x, it
is clear for n = 1. Now we put

(2.7) U,=T, UtoyxA, IxA,,

where {0} X A,, is identified with A,, C T',,. Then it is clear that U, is homeomorphic

to the (n — 1)-dimensional ball. Now A(n) =T, C U,. Let :™ : Ky x T, —
A(n) denote the operator given by ™ (x,7) = 7. If m > 2, then by Lemma
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2.6, we can identify the associahedron K, 1 with I x K,, by the homeomorphism

Cm + I X Ky, — Kpg1. Assume that (aq,...,ap) is a partition of n of type
(t1,... tym) with m > 2. Then A(a1,...,am) = I x e, ...,ap,) C U,. Let
dlovsem) 0 x Ty, x - x Ty, — Alag, ..., o) denote the operator given by

L(ahm’a’m)(é’m (t,0)s 15y ) = (¢, E(QIVH’am)(Ua TlyeeesTm))-
By (2.1) and (27), we see that
U, = U Ala, ..., am),

(a1yeeyam)

where the union covers all partitions (a1, ..., a,,) of n with m > 1. If we show that
U, is the (n—1)-dimensional permutohedron, then we have the required conclusion.
Let V,, = 0U,,. Since

({1} x Kin) = JKra(r+ 1,5+ 1),

T,

we have that

(2.8) V, = U Jatsam) <<U K.1(r+1,s+ 1)) X Dy X o0 X th) ,

(a15eesam) s

where (1, ..., ) is a partition of n of type (t1,...,t,) with m > 2, and r,s > 1
with 7 + s = m.

To prove that V,, is homeomorphic to T,, = 9P, we need to define a collection
of face operators on V,, satisfying the conditions of [26] Thm. 3]. Assume that
(k,v) is a partition of n of type (u,v). By the inductive hypothesis, there are
decompositions

P, = U A(nla"'7n7’)

(N1 5005mr)

and
Po=|J A(u,...\),

Ay he)
where the unions cover all partitions (n1,...,n,) of u with » > 1 and (A1,...,As) of
v with s > 1, respectively. If (n1,...,m,) and (A1,...,\s) are of types (u1,...,u,)
and (v1,...,vs), then there are homeomorphisms ((eme) K1 X Ty X000 %
Tu, — A(n1,...,mp) and (Pods) D Koo x Ty x oo x Ty, — A(Aq, ..., \). Put
m =1+ s. Let (a1,...,q,) be the partition of n of type (u1,...,up,v1,...,05)
given by

kn;(t) for1<i<r, 1<t<u;,
ai(t) = {V)\i,,(t) forr+1<i<m,1<t<wv;_,.
If we define a face operator ) : P, x P, — Vj, by
) (o) (p ) AN (L wy))
= (e (G (1, 5+ 1)(0,0), TLy e e ey Try W1, vy W),
then by (2:3),
Vo= J "(P, x P,),

(k)
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FIGURE 5. The decompositions of the permutohedra P, and Ps

where the union covers all partitions (k, ) of n. By using the relation
87«+s+1(7“ +s+1,t+ 1)(87«4_1(7“ + 1,5+ 1) X 1Kt+1)
= T+1(T +1,s+t+ 1)(1K7v+1 X aSJrl(S +1,t+ 1))

for r,s,t > 1, we can show that the collection of face operators satisfies the condi-
tions of [26, Thm. 3], and so V;, is homeomorphic to T,, = 9F,. This implies that
U, is the (n—1)-dimensional permutohedron, and we have the required conclusion.
For example, the decompositions of the permutohedra P, and Pj5 are illustrated by
Figure @l This completes the proof. ([

A collection of degeneracy operators {&; : P, — P,_1}1<j<n for the permuto-
hedra is originally constructed by Milgram [I8, Lemma 4.5] (see also [26] Lemma
4]). By using Proposition [Z5] we give another construction of {¢;}1<;j<, which is
useful for our arguments.

By Proposition 2.5 there is a decomposition

P, = U Alar, ..., aum),
(al,...,am)

where the union covers all partitions (aq, . .., am) of nwithm > 1. Let (aq, ..., am)
be a partition of n of type (t1,...,tm). If 1 < j < n, then ay(t) = j for some
1<k<mand1l<t <ty The map & : P, — P,_1 is defined by

fjb(al"”’mn)(/% TL . aTm)
. L(é‘l,---,&m)(p7 TlyeoosThe1s 0t (T ), Tht 1y -+ s Tm) if tg > 2,
L(dl’...7&k717&k+17m’dm)(ek(p)a Tlyeoo s Th—15Tk+1,--- 77-m) if tk = 17
where the partitions (&1,...,&m,) and (&1, ..., 0g—1, Qk+1,- - -, &m) are defined by

Z2)-(Z3), and {0 }1<t<t, and {6k }1<k<m denote the degeneracy operators for I';,
and K, 41, respectively. Since we can show that {¢;}1<,<, satisfies the conditions
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of [I8, Lemma 4.5] (see also [26] Lemma 4]), {{; }1<j<n is a collection of degeneracy
operators for the permutohedra { P, }n>1.

3. PROOFS OF THEOREM A AND THEOREM B

Stasheff [22] introduced the notion of the higher homotopy associativity of H-
spaces. He used the associahedra {K;}2<i<p to define an A, -form on an H-space.
Let n > 2 and X be an H-space with a multiplication p : X x X — X such
that p(x,*) = p(x,x) = x for £ € X. An A,-form on X is a collection of maps
{M;: K; x X" — X }o<;<, satisfying the following conditions:

(3.1) My(%,x,y) = p(z, y).
(3 2) Mi(ak(ras)(pva)axlv"'7xi)
' =M(p, 21, Th1, Mg (0, They ooy Thots—1), Thotsy + - 5 Ti)s

where r,s > 2 withr+s=41+1and 1 <k <r.

(33) Mi(T7x17"'7xj—17*;xj+17"'7mi)
. - ifl(gj(’r)vxla"'7xj71;xj+17"'7xi)7
where {6, : K; — K;_1}1<j<; are the degeneracy operators. For convenience, we
define that an A;-space is just a space. For n > 2, an A,,-space is an H-space X with
a specified A,-form on X. If X has a collection of maps {M; : K; x X' — X};>o
such that {M;}2<i<n is an A,-form on X for any n > 2, then X is called an Aoo-
space. From the definition of an A, -form, we see that an As-space and an As-space
are an H-space and a homotopy associative H-space, respectively. Furthermore,
an A..-space has the homotopy type of an associative H-space.

Now we introduce the higher homotopy commutativity of H-spaces. An AC,,-
form on an A,-space is defined by using a collection of the permuto-associahedra

{Tihi<i<n-

Definition 3.1. Let X be an A,-space with the A,-form {M;}s<;<n. An AC,-
form on X consists of a collection of maps {Q; : I'; x X — X }i<i<n satisfying the
following conditions:

(3.4) Q1(x,x) = .
(3.5) Qi(e((’l"“’am)(o, TlyeoesTm)y T1yev.yTi)
. = Mm(O', Qt1 (T17 xal(l)a DRI 71‘041(151))7 SRR th (Tma xam(l)a DRI 7xam(tm)))a
where (a1, ...,am) is a partition of i of type (t1,...,tm).
Qi(T)T1y ey Tt %, Tty -5 Tf)
(3.6) ' g ol '
= Qifl(é‘j(’r)vxlv ey L1, L1y - 7xi)a

where {0; : T'; — T'i_1}1<j<; are the degeneracy operators.

An A,-space with a specified AC,-form is called an AC),-space. If X has a
collection of maps {Q; : T'; x X* — X };>1 such that {Q;}1<;<n is an AC,-form on
X for any n > 1, then X is called an AC-space.

Example 3.2. (1) X is an ACs-space if and only if X is a homotopy commutative
H-space since Qo (1) (%), 2, 9) = zy and Q2(e2M) (%), 2,9) = yx for z,y € X.

(2) If X is an associative and commutative H-space, then the collection {Q); :
I x X* — X}i>1 defined by Q;(r,1,...,2;) = x1...2; for i > 1 makes X an
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AC-space. In particular, Eilenberg-Mac Lane spaces are AC,-spaces by Stasheff
[23, Cor. 13.10).

(3) If X is an H-space, then by Corollary and [26, Cor. 26], QX is an
AC -space.

Now we recall the definition of a quasi Cj,-form on an A,-space introduced by
Hemmi [5, Def. 2.1]. Let X be an A,-space and {P;(X)}1<i<n be the projec-
tive spaces of X. From the construction of P;(X), we have the inclusion ¢;_1 :
Pi_1(X) — Py(X) and the projection p; : Pi(X) — Py(X)/P_1(X) ~ (2X)®,
where (£X)@ denotes the i-fold smash product of X for 1 <14 < n. Let J;(XX)
denote the i-th James reduced product space of ¥X and m; : J;(2X) — (2X)®
be the obvious projection for 1 < i < n. A quasi C),-form on X is a collection of
maps {9; : J;(XX) — P;(X)}i<i<n satisfying the following conditions:

(3.7) 1 = 1px : BX — OX.

(3.8) Vil g (=x) = ti—1¥%i-1 for 2 <i < n.

(3.9) pith; ~ (Z a) T for 1 <i<mn,
ceY;

where the action of the symmetric group ¥; on (£X)@ is given by the permutation
of the coordinates, and the summation on the right hand side is defined by using the
obvious co-H-structure on (£X)®). An A,-space with a specified quasi C,,-form is
called a quasi C),-space. Hemmi [5, Thm. 1.1] has shown that a simply connected
finite quasi Cp-space is contractible. Furthermore, Kawamoto [1I] generalized the
result to the case of quasi C)p-spaces with finitely generated mod p cohomology.

Theorem 3.3 ([11, Thm. B]). If X is a simply connected quasi Cp-space such that
the mod p cohomology H*(X;7Z/p) is finitely generated as an algebra, then X is
mod p homotopy equivalent to a finite product of K(Z,2)s.

To prove Theorem A, we define a C),-form of a map from a space to a loop space
by using the permutohedra {P;}1<i<p.

Let X and Y be spaces and ¢ : X — QY be a map. A C,-form on ¢ is a
collection of maps {R; : P, x X* — QY }1<i<p satisfying the following conditions:
(3.10) Ri(x,2) = ¢(z).

(3 11) Ri(e(a’ﬁ)(p7 U)axla"wm’i)
. = Rr(ﬂ, Ta(1)s--- 7xoz(7")) : RS(Uﬂ Ta(1)y .-+ 7x[3(s))7
where (a, 3) is a partition of i of type (r, s).
Ri(myx1, . X1, %, L1,y X
(3.12) (7,21 j it )
= Ri1(§(T), 1, o1, Tg1s - -5 Ti),s

where {; : P, — P;_1}1<j<i are the degeneracy operators.
Now we prove the following result:

Proposition 3.4. Let X be an A, -space and ¢, : X — QP,(X) denote the adjoint
of the inclusion tp—1...11 : BX — Pp(X). If X admits an AC,,-form, then there
is a Cp-form {R; : P, x X' — QP,(X)}<i<n on ép.
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?n(2Y)Pn(2)

#n(2)bn(2y)
Gn (@) Pn(2)Pn (y)

bn(22)¢n ()

Pn(22)¢n (y)

Pn(2)fn(2)n (v)

bn(2)n (zy)

FIGURE 6. The C),-forms on ¢, for n = 2,3

Proof. We prove by induction on n. For n = 1, it is clear by (3:I0). Suppose
that we have a C,,_i-form {Ri}lgign—l on ¢n_1. If we put that R; = v,_1 R; for
1 <4 <n—1, then the collection {R;}1<i<n—1 is a Cp_1-form on ¢,. According
to Stasheff [23, Thm. 11.10], ¢, : X — QP,(X) is an A,-map, and so there is
a collection of maps {F; : K;11 x X' — QP,(X)}1<i<n satisfying the following
conditions:

(3.13) Py (%, 2) = ¢n ().
Fi(Ok(r+1,s+1)(p,0),21,...,;)

_ {FT(paxla' "7xk—17Ms+1(U7xka' "7xk+s)7xk+s+la' . 71‘1') if1<k< T,

EF-(p,x1,..., %) Fo(0,Trq1,...,24) ifk=r+1,
where r,s > 1 withr+s=4and 1 <k <r+41.
Fi(r,x1, o, @1, %, T, - o, &)
=F1(6;(1), 21, .., %j—1,Tj41,- - -, Ti)
for1 <j <.

By Proposition 25l there is a decomposition
P, = U Alar, ..., o),
(a15eeyam)
where the union covers all partitions (a1, ..., q,,) of n with m > 1. If we define a
map R, : P, x X™ — QP,(X) by
Ry (levam) (oo 1), @, )
= Fm(U7 Qt1 (Tla xa1(1)7 R axal(tl))7 SRR th (TYVH xam(l)7 R 7ma7n(tm)))7

then the collection {R;}1<i<n satisfies the conditions (BI0)—(BIZ). For example,
the Cy,-forms on ¢, for n = 2,3 are illustrated by Figure Bl This completes the
proof. O
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Now we proceed to the proof of Theorem A.

Proof of Theorem A. First we prove (1) by induction on n. For n = 1, it is clear by
(B). Suppose that we have a quasi Cp,—1-form {¢;}1<;<n—1 on X. By Proposition
B4, there is a Cp-form {R;}1<i<n on ¢,. For the same reason as in [28], we can
assume without loss of generality that the image of R; is contained in the set
of loops of length i for 1 < i < n. Let ¢ : [0,i] x P; x X! — P,(X) be the
adjoint of R; for 1 < i < m. It is shown by Williams [27] that there is a map
7; 1 0,i] x P; — I' satisfying suitable conditions (see also Milgram [I8, Lemma
4.6]). Let r; : [0,i] x P; x X* — J;(£X) be the map defined by x; = x;(7: X 1x:),
where x; : I' X X* — J;(XX) denotes the obvious projection for 1 < i < n. Then
by [28, Thm. 1.1], we have a map vy, : J,(XX) — P,(X) which satisfies (38)) and
1Z)n’in = <n

Here we explain the construction of ,, briefly since [28] Thm. 1.1] omitted the
proof. By the inductive hypothesis, we can assume that ¥;x; = (; for 1 <i <n-—1.
It is known that J,(2X) = J,—1(2X) U, I"™ x X™, where n,, : 0I" x X" U I"™ x
XM — J,_1(£X) is the map defined by

nn(tl,...,tn,xl,...,xn) ::((t1;$1)7---a(ti—17xi—1);(tb+17xi+1)7---a(tn7xn))
if t; € 8I or z; =  for 1 < i < n, and X[ denotes the n-fold fat wedge of X given
by

X = {(z1,...,2,) € X" | &; = * for some 1 <4 < n}.

Let T, = [0,n]x P, x X™ and S,, = 9([0,n]x P,,) x X™U[0, n] x P,, x X["]. If we define
amap A, : Sy, — Jno1(ZX) by Ay = 0 (70 X 1xn)l|s,,, then tp_1¢n_1An = (uls,,
and so there is a map 6, : J,—1(XX)Ux, T, — P, (X) with 0], (nx) = tn—1¥n—1
and 6,|7, = (,. Since there is a homotopy equivalence vy, : J,—1(XX) Uy, T, —
Jo(BX) with v,] 5, (mx) = €n—1 and vy|1, = Kp, we have a map ¢, : J,(XX) —
P, (X) such that ¢y, (=x) = tn—1¥n—1 and ¥, k, ~ ¢, rel S,,. By replacing ¢,
with én = Y kn, we have the required conclusion.

Now we consider the condition (B3). It is sufficient to show that

PnCn = ( Z U) Tnkn

ocEX,

since ¢, = Ynkn. From the proof of Proposition B4, the map R, : P, x X" —
QP,(X) is constructed by using the AC,-form {Q;}1<i<n on X and the A,-form
{Fi}1<i<n On ¢,,. Since the image of F; is contained in QP,,_1(X) for 1 <i<n-—1
from the proof of [23, Thm. 11.10], we have that

(Qpn) Ry ~ ( \/ G,,) H,.

oEeEX,
Here G, : ~2"’1X(") — QP,(X) is represented by the map G, : P,xX" — QP, (X)
given by Go (7, 21,...,2n) = Fu(T,Z5(1)s - - -, Zo(n)) for o € ¥y, and
H,:P, x X" — \/ D ¢
ceEX,

denotes the appropriate collapsing map. From these observations, we have the

condition (39]).
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Next let us prove (2). For n = 1, it is clear by (8.4]). By the inductive hypothesis,
we assume that there is an AC,,_1-form {Q;}1<i<n—1 on X.

Now we use a result of Williams [27] on the relation between higher homotopy
commutativity and extension of maps. Let g : (XX)¥"® — P,(X) be the map
defined by glsx = tn_1...11 for each factor, where (XX)V™ denotes the n-fold
wedge of ¥X. Since X is a quasi Cp-space, ¢ is extended to a map g : (XX)" —
P, (X) by using ¥,,. Then by [27, Thm. 2], there exists a C\,-form {R; }1<i<n On @y
Now we can assume without loss of generality that the C,,_1-form {R;}1<i<n—1 is
obtained from {Q;}1<i<n—1 by using the way in the proof of PropositionB.4] Since
én is an A,-map, we have a map Q,, : Iy x X" — QP,,(X) such that the {Qi}lgign
satisfy the conditions (B5)-(3.6), where Q; = ¢,@Q; for 1 < i < n — 1. Since X
is an A, t1-space, there is a map w, : QP,(X) — X with w,¢, = 1x. Put
Qn = wnQn : [y x X® — X. Then {Qi}1<i<n is an AC,-form on X, and so we
have the required conclusion. This completes the proof of Theorem A. O

Remark 3.5. The decompositions of the permutohedra in Proposition 2 play im-
portant roles in the proof of Theorem A. We note that Hemmi [5] gave another
decomposition of P, by using the permutohedra {P;}i<;<n—1 and the simplices
{Ai}lgign,l. He used the result to show that if X is an associative H-space, then
the quasi Cp-form on X is equivalent to a C,-form in the sense of Williams [26]
Def. 5] (see [B] Thm. 2.2]). The proof of Theorem A is regarded as a generalization
of the one of [B, Thm. 2.2] to the case of A,-spaces.

From Theorem A and the result by Hemmi [5l Thm. 2.2], we have the following
result:

Corollary 3.6. Let X be an associative H-space. Then X is an AC,-space if and
only if X is a Cy,-space in the sense of Williams.

It is natural to consider the notion of maps between AC),-spaces preserving
AC,-forms.

Let X and Y be A,-spaces. According to Stasheff [22 II, Def. 4.1], a map
¢: X — Y is called an A,-homomorphism if pM;X = MY (1x, x ¢*) for 2 < i < n,
where {MX}o<;<p, and {M} }o<;<,, are A,-forms on X and Y, respectively.

Definition 3.7. Let X and Y be AC,-spaces with the AC,-forms {Q:}1<i<n
and {QY }1<i<n, respectively. An A,-homomorphism ¢ : X — Y is called an
AC,,-homomorphism if QX = QY (1r, x ¢?) for 1 <i < n.

Now we consider the odd dimensional sphere (52"’1)$ completed at p for n >
L. Let e, : (1)) — Q?(52"*1)7 denote the double suspension which is the
double adjoint of the identity 1(gzn+1)s on (82 ~ 32(52n 1) By Example
(3), Q2(5?"*1)7 is an AC.-space. According to Stasheff [22| I, Thm. 17],
(§2"~1)) admits an A,_;-form so that e, : (S?*~1)) — Q2(S2" 1) is an A, _1-
homomorphism. By using a similar argument to the proof of [22, I, Thm. 17], we
can prove the following result:

Proposition 3.8. Let p be a prime. Then (S*"~')7 admits an AC),_-form so that
the double suspension e, : (S*"~ 1) — Q*(S*"*t1)2 is an AC,_,-homomorphism
forn > 1.
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In the proof of Theorem B, we need the following lemma:

Lemma 3.9. If X is a connected AC,,-space, then the universal covering X isa
simply connected AC,-space and the covering projection map w : X — X is an
AC,,-homomorphism.

Proof. We give an outline of the proof. Let {M;}o<i<n and {Q;}i1<i<n be the A,-
form and the AC,,-form on X, respectively. From the covering lifting property (cf.
[19, Ch. 2, Lemma 1.7]), there are maps M K;x X' > Xand Q; : Iy x Xt > X
such that wM; = M;(1g, x w®) for 2 < i <n and wQ; = Q;(1p, X w') for 1 < i <
n. From the uniqueness of the lifting, the collections {Mi}ggign and {Qihgign
satisfy the conditions (B.1)-(3.3) and [B.4)—(3.6)), respectively. This completes the
proof. O

Now we proceed to the proof of Theorem B.

Proof of Theorem B. Let X be a connected AC),-space with finitely generated mod p
cohomology. If X denotes the universal covering of X, then there is an H-fibration
(3.14) X X K(m(X),1),

where K(m1(X), 1) has the mod p homotopy type of a finite product of K(Z,1)s
and K(Z/p' 1)s for i > 1. According to Browder [4], there is a version of the
Serre spectral sequence associated to the H —ﬁbratign (314)). As in the argument
of [7, §3], we see that the mod p cohomology H*(X;Z/p) is finitely generated as
an algebra. From Theorem A, Theorem and Lemma B9, X is mod p homotopy

equivalent to a finite product of K(Z,2)s. For dimensional reasons, the spectral
sequence associated to the H-fibration (3I4]) collapses. Hence we have that

H*(X;Z]p) = I—["‘(K(ﬂ'l(X),1);Z/p)®H*(X';Z/p)7

and there is a map ¢ : X — K(m(X),1) x X which induces an isomorphism on
the mod p cohomology. Then ( is a mod p homotopy equivalence (cf. [19, Ch. 4,
Cor. 1.6]), and so we have the required conclusion. This completes the proof of
Theorem B. O
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